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How to make sense of an asymptotic series

A typical Gevrey-1 asymptotic series in physics

ϕ(j)(z) =

∞∑

n=0

a(j)
n zn, a(j)

n ∼
n!

Anj
.

• How do we “sum” the asymptotic series?

• Is it possible to connect the series to the (path) integral and the series from other

saddles?
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Resurgence theory



Borel resummation

s(ϕ)(z) =

∫ ∞

0

e−ζϕ̂(zζ)dζ

ϕ(z) =

∞∑

n=0

anz
n ϕ̂(ζ) =

∞∑

n=0

an
n!
ζn

Borel transform

Laplace transform

Borel resummation

The Borel resummation s(ϕ)(z) reproduces the series ϕ(z) in small z expansion
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Borel resummation

φ

ϕ̂(ζ)

If there is no obstruction along φ = arg z in the

ζ-plane (Borel plane),

s(ϕ)(z) =

∫ ∞

0

e−ζϕ̂( eiφ|z| ζ)dζ,

is a well defined integral.

3



Lateral Borel resummation

C+

C−

φ

ϕ̂(ζ) If there is obstruction along φ = arg z (Stokes

ray), one defines the lateral Borel resummations

s±(ϕ)(z) =

∫ ei0
±∞

0

e−ζϕ̂(zζ)dζ,

and Stokes discontinuity

disc(ϕ)(z) = s+(ϕ)(z)− s−(ϕ)(z).
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Resurgent functions

ζw

ϕ̂(ζ)

Expansion near ζw

ϕ̂(ζw + ξ) = −Sw
log(ξ)

2π
ϕ̂w(ξ) + r̂w(ξ)

with regular functions r̂w(ξ) and

ϕ̂w(ξ) =
∑

n≥0

an,wξ
n,

which is regarded as Borel transform of a

resurgent series

ϕw(z) =
∑

n≥0

an,wz
n, ân,w =

an,w
n!

.
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Resurgent functions and Stokes discontinuity

C+

C−

φ

ϕ̂(ζ)

Resurgence at ζw

ϕ̂(ζw + ξ) = −Sw
log(ξ)

2πi
ϕ̂w(ξ) + r̂w(ξ)

implies Stokes discontinuity

discφϕ(z) = Sw e−ζw/zs−(ϕw)(z)

with Stokes constant Sw.

new saddle: Aw −A0 = ζw
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Minimal resurgent structure

Starting from one asymptotic series, one finds recursively resurgent asymptotic series,

which form a minimal resurgent structure:

ϕ0(z)→ {ϕw(z)} → {Sww′}

S01 S12

S21

S23

S32

S31

0

1

2

3

• {Sww′} are new invariants, which are non-perturbative in nature.

• Sometimes Sww′ can be interpreted as counting of BPS states.
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Stokes automorphism

θ1

θ2
Φ̂w(ζ)

(Local) Stokes automorphism Sφ at angle φ

acting on trans-series Φw(z) = e−Aw/zϕw(z)

SφΦw = Φw +
∑

arg(Aw′−Aw)=φ

Sww′Φw′ .

Global Stokes automorphism between two angles

Sθ1,θ2 =

←∏

θ1<φ<θ2

Sφ.

• Ordered product;

• Unique factorisation.
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Comparison with Wall-Crossing formula

Let us recall the Wall-Crossing formula of Kontsevich-Soibelman for BPS invariants.

• Let Γ be lattice of elec./mag. charges with pairing 〈, 〉, functions Xγ :M→ C∗.

• Define symplectomorphism [Kontsevich,Soibelman][Gaiotto,Moore,Neitzke]

S(φ) =
∏

γBPS:arg(−ZγBPS
)=φ

KγBPS

where KγBPS
acts by

KγBPS : Xγ → Xγ(1− σ(γBPS)XγBPS)Ω(γBPS)〈γ,γBPS〉

• Global symplectomorphism (spectrum generator)

S(θ1, θ2) =

←∏

θ1<φ<θ2

S(φ).

I Ordered product;
I Unique factorisation.
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Stokes constants vs BPS invariants

Stokes constants (if integers!) BPS invariants

Stokes automorphism KS symplectomorphism
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Example 1: Seiberg-Witten

theory



Seiberg-Witten theory and its BPS spectrum

4d N = 2 pure SU(2) theory has moduli space identified with family of spectral curves

[Seiberg,Wittne]

p2 + 2Λ2 coshx = 2u

Curve of marginal stability

1−1

u
weak

strong

BPS spectrum

• |u| < 1: Strong coupling

±(0, 1), ±(1, 1)

• |u| > 1: Weak coupling

±(1, 0), ±(`, 1), ` ∈ Z

11



Seiberg-Witten theory and its BPS spectrum

4d N = 2 pure SU(2) theory has moduli space identified with family of spectral curves

[Seiberg,Wittne]

p2 + 2Λ2 coshx = 2u

Curve of marginal stability

1−1

u
weak

strong

BPS spectrum

• |u| < 1: Strong coupling

±(0, 1), ±(1, 1)

• |u| > 1: Weak coupling

±(1, 0), ±(`, 1), ` ∈ Z

11



Seiberg-Witten theory and its BPS spectrum

4d N = 2 pure SU(2) theory has moduli space identified with family of spectral curves

[Seiberg,Wittne]

p2 + 2Λ2 coshx = 2u

Curve of marginal stability

1−1

u
weak

strong

BPS spectrum

• |u| < 1: Strong coupling

±(0, 1), ±(1, 1)

• |u| > 1: Weak coupling

±(1, 0), ±(`, 1), ` ∈ Z

11



Quantum periods

Classical spectral curve

H1(Σ) gives lattice Γ = Z2 with pairing 〈, 〉

γA

γB

Quantum spectral curve

−~2ψ′′(x) + 2Λ2 cosh(x)ψ(x) = Eψ(x)

has WKB solutions

ψ(x,E) = exp

(
i

~

∫ x

p(x,E; ~)dx

)

Quantum periods: Πγ(E; ~) =

∮

γ
p(x,E; ~)dx =

∑

n=0

Π(n)
γ (E)~2n

Voros symbols: Φγ(E; ~) = e
1
~ Πγ(E;~) = e

1
~ Π(0)

γ (E) exp
∑

n≥1

Π(n)
γ (E)~2n−1
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Stokes automorphism

Borel singularities of quantum periods

• u = 0

(1, 1)(−1,−1)

(0,−1)

(0, 1)

(1, 1)(−1,−1)

ΠA(~) ΠB(~)

• u = E/2 = 4
(0, 1) (1, 1)(−1, 1)

(0,−1) (1,−1)(−1,−1)

(1, 0)

(1, 1)(−1, 1)

(−1, 0)

(1,−1)(−1,−1)

ΠA(~) ΠB(~)
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Stokes automorphism

Borel singularities of quantum periods

• u = 0

(1, 1)(−1,−1)

(0,−1)

(0, 1)

(1, 1)(−1,−1)

ΠA(~) ΠB(~)

• u = E/2 = 4
(0, 1) (1, 1)(−1, 1)
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(1,−1)(−1,−1)
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Identification

A,B cycles elec., mag. charges

Saddle points BPS states

Classical period Π
(0)
γ Central charge Zγ

Voros symbol Φγ function Xγ
Stokes automorphism KS symplectomorphism
1
~Πγ → 1

~Πγ + Sγγ′ log(1− σγ′e
1
~ Π′γ ) Xγ → Xγ (1− σγBPS

XγBPS
)
ΩγBPS

〈γ,γBPS〉

Stokes constants Sγγ′ BPS invariants ΩγBPS 〈γ, γBPS〉
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Example 2: Complex

Chern-Simons theory



Action and saddle points

• Chern-Simons theory with gauge group SL(2,C) and action [Witten][Gukov]

S =
t

8π

∫

M

Tr

(
A ∧ dA+

2

3
A ∧A ∧A

)

+
t̄

8π

∫

M

Tr

(
A ∧ dA+

2

3
A ∧A ∧A

)

• Saddles are flat connections

dA+A ∧A = 0, A ∈ SL(2,C),

classified via holonomies

ρ : H1(M)→ C.
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Non-Abelian saddles and state-integrals

• In complex Chern-Simons non-Abelian flat connections are also important with

asymptotic expansion [Dimofte,Gukov,Lenells,Zagier]

Z(ρ)(M, ~) ∼ exp

(
1

~
S

(ρ)
0 − 1

2
δ(ρ) log ~ +

∞∑

n=0

S
(ρ)
n+1~

n

)
, ~ = 2π/t.

• For hyperbolic 3-manifold M , ∃ special non-Abelian flat connection called geometric

connection so that (Volume Conjecture)

S
(ρ)
0 = Vol(M) + iCS(M)

and S
(ρ)
n+1 (n ≥ 0) are in the same algebraic field.

• The asymptotic series Z(ρ)(M, ~) for non-Abelian ρ can be computed by state integral

[Hikami][Andersen,Kashaev]

Z(ρ)(~) ∼
∫

Cρ
P (Φb(v))eπiQ(v)dv, ~ = 2πb2

whose main ingredient is Faddeev’s quantum dilogarithm Φb(v).
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Example: figure eight complement

• Example: M = S3\41

Z(ρ)(~) ∼
∫

Cρ
Φb(v)2e−πiv

2

dv =: ICρ(b).

Non-trivial non-Abelian flat connection

Zg(~) =e
V
~

(
1 + 11~

72
√

3
+ 697~2

2(72
√

3)2
+ . . .

)
,

Zc(~) =i e−
V
~

(
1− 11~

72
√

3
+ 697~2

2(72
√

3)2
+ . . .

)
= iZg(−~)

with V = Vol(S3\41) = 2 Im Li2(eπi/3).

• IR(b) factorises to holomorphic, anti-holomorphic blocks

with q = e2πib2 , q̃ = e−2πib−2

[Beem,Dimofte,Pasquetti]

IR(b) ∼ G0(q̃)G1(q)− b−1G1(q̃)G0(q).
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Borel singularities

“Classical” Borel singularities [Gukov,Marino,Putrov][Gang-Hatsuda][Garoufalidis-Zagier]

2V

Zg(~)

Zc(~)

−2V

Zc(~)

Zg(~)

Zg(~) and Zc(~) form a minimal resurgent structure.
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Borel singularities

More singularities due to multivaluedness of CS action and the state integral potential

[Garoufalidis][Witten][Gukov,Marino,Putrov]

+4π2i

2V

Zg(~)

Zg,n(~) Zc,n(~)

+4π2i

−2V

Zc(~)

Not one trans-series but a family of trans-series but with the same power series

Zg,n(~) = Zg(~)e−n
4π2 i
~ ,

Zc,n(~) = Zc(~)e−n
4π2 i
~ , n ∈ Z
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Peacock pattern of Stokes rays

• Stokes rays in the Borel plane for the vector (Zg(~), Zc(~))T .

I

<latexit sha1_base64="T2nTcfmcTzk5w+17v607UIvtVRw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKwMcp4EVvCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5tfWNza38dmFnd2//oHh41NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt55QaR7LBzNO0I/oQPKQM2qsVL/vFUtu2Z2DrBIvIyXIUOsVv7r9mKURSsME1brjuYnxJ1QZzgROC91UY0LZiA6wY6mkEWp/Mj90Ss6s0idhrGxJQ+bq74kJjbQeR4HtjKgZ6mVvJv7ndVITXvkTLpPUoGSLRWEqiInJ7GvS5wqZEWNLKFPc3krYkCrKjM2mYEPwll9eJc2LslcpX9crpepNFkceTuAUzsGDS6jCHdSgAQwQnuEV3pxH58V5dz4WrTknmzmGP3A+fwCgdYzR</latexit>

II

<latexit sha1_base64="9DWJPHuhKrK3Bza6wMa4vQr4wAY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexKwMcp4MXcopgHJEuYnfQmQ2Znl5lZIYT8gRcPinj1j7z5N06SPWhiQUNR1U13V5AIro3rfju5tfWNza38dmFnd2//oHh41NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt55QaR7LRzNO0I/oQPKQM2qs9FCr9Yolt+zOQVaJl5ESZKj3il/dfszSCKVhgmrd8dzE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5lfOiVnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCa/8CZdJalCyxaIwFcTEZPY26XOFzIixJZQpbm8lbEgVZcaGU7AheMsvr5LmRdmrlK/vK6XqTRZHHk7gFM7Bg0uowh3UoQEMQniGV3hzRs6L8+58LFpzTjZzDH/gfP4ANFWNJA==</latexit>

III

<latexit sha1_base64="8vgDlPSi4chjZzjDOfUi52AV894=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKwMcp4MXcIpoHJEuYnfQmQ2Znl5lZIYR8ghcPinj1i7z5N06SPWhiQUNR1U13V5AIro3rfju5tfWNza38dmFnd2//oHh41NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt55QaR7LRzNO0I/oQPKQM2qs9FCr1XrFklt25yCrxMtICTLUe8Wvbj9maYTSMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYKmmE2p/MT52SM6v0SRgrW9KQufp7YkIjrcdRYDsjaoZ62ZuJ/3md1IRX/oTLJDUo2WJRmApiYjL7m/S5QmbE2BLKFLe3EjakijJj0ynYELzll1dJ86LsVcrX95VS9SaLIw8ncArn4MElVOEO6tAABgN4hld4c4Tz4rw7H4vWnJPNHMMfOJ8/yHGNdw==</latexit>

IV
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Non-trivial Stokes constants as BPS counting

Despite from trans-series in the same family, the Stokes constants are non-trivial integers!

Zg(~)

−8

−9

18

46

90

3

9

75

642

5580

48558

• Generating series of Stokes constants in positive imaginary axis

S+
gg(q) = 1− 8q − 9q2 + 18q3 + 46q4 + 90q5 + . . . , q = e4π2i/~.

(Conjecture) It coincides with index Ind(0, 1; q) of dual 3d

superconformal field theory! [Dimofte,Gaiotto,Gukov]

Ind(m, ζ; q) = TrHm(−1)F q
R
2 +j3ζe.

• The generating series for the other Stokes constants are also

identified with the index with magnetic flux turned on.
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Full spectrum of Stokes constants

• (Conjecture) Complete set of Stokes constants can be solved!

• The Stokes q-series

S±σσ′(q) = 1 +

∞∑

n=1

Sσσ′;±nq
±n, Sσσ′;±n ∈ Z

are given by bilinear expressions in fundamental solutions of the equation

ym+1(q) + ym−1(q)− (2− qm)ym(q) = 0

22



Turning on deformation

Zg(x; ~)

| log(x)|

• Turning on deformation of hyperbolic structure

Zg,c(~)→ Zg,c(x; ~) ∼ e−2πiu2

∫

Cρ

Φb(z)Φb(z + u)e−πi(z
2+4uz)dz, x = eu.

• Generating series of Stokes constants in vertical towers

S+
gg(q) =1− (2x−2 + x−1 + 2 + x+ 2x2)q

− (x−2 + 2x−1 + 3 + 2x+ x2)q2 +O(q3)

• They coincide with the index Ind(m,x; q) with the flavor

fugacity turned on.
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Full solution of Stokes constants

• The Stokes q-series

S±σσ′(x; q) = 1 +

∞∑

n=1

Sσσ′;±n(x)q±n, Sσσ′;±n(x) ∈ Z[x±1]

are bilinear expressions in fundamental solutions ym(x; q) of

ym+1(x; q)− (x2 + x− x3qm)ym(x; q) + x3ym−1(x; q) = 0.

• ym(x; q) are also solutions to q-difference equation Â(Sx, x, q
m, q)

Â(Sx, x, q
m, q) ◦ ym(x; q) =

2∑

j=0

Cj(x, q
m, q)ym(qjx; q) = 0.

Â(Sx, x, 1, 1) is the A-polynomial with meridiam x2 and longitude Sx.
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m, q)
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Example 3: Topological string

theory



Topological string at conifold

Consider topo. string on a (non-)compact Calabi-Yau 3fold X with r Kähler moduli ti.

• In large volume limit: ti →∞

Fg(t) =
∑

d

Ng,de−d·t, Ng,d ∈ Q

GW invariants Ng,d count numbers of stable maps from worldsheet to X.

• In maximal conifold point: ti → 0

Fg(λ) = F s
g(λ) + F r

g(λ)

where the regular part

F r
g(λ) =

∑

ni≥0

cg;{ni}
∏

i

λnii

The conifold GW invariants cg;{ni}, which are in the same algebraic field, have no

clear geometric meaning (yet).

25



Topological string at conifold

Consider topo. string on a (non-)compact Calabi-Yau 3fold X with r Kähler moduli ti.

• In large volume limit: ti →∞

Fg(t) =
∑

d

Ng,de−d·t, Ng,d ∈ Q

GW invariants Ng,d count numbers of stable maps from worldsheet to X.

• In maximal conifold point: ti → 0

Fg(λ) = F s
g(λ) + F r

g(λ)

where the regular part

F r
g(λ) =

∑

ni≥0

cg;{ni}
∏

i

λnii

The conifold GW invariants cg;{ni}, which are in the same algebraic field, have no

clear geometric meaning (yet).

25



Resurgence of topological string?

It is difficult to study the resurgence of total free energy

F(λ, gs) =
∑

g≥0

Fg(λ)g2g−2
s

• According to gauge/gravity correspondence, this is the ’t Hooft limit of a dual∏
i SU(Ni) gauge theory

λi = Nigs, with Ni →∞, gs → 0.

• Example: topological string on resolved conifold is dual to SU(N) Chern-Simons

theory.
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Resurgence at finite N

• We study instead the resurgence of conifold trans-series at finite N

ΦN (gs) = expF r
N (gs) ∼ e

1
gs

∑
iNiVi(1 + . . .), |gs| � 1,

where

F r
N (gs) =

∑

g≥0

F r
g(Ngs)g

2g−2
s .

and Vi: Kähler moduli at conifold point.

• Find the minimal resurgent structure

Φσ1;N (gs) := ΦN (gs)→ {Φσ;N} → {Sσσ′;N}
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TS/ST correspondence

• Consider models with only one modulus with mirror curve Σ. One obtains a trace

class operator ρX by quantising Σ [Aganagic,Cheng,Dijkgraaf,Krefl,Vafa][Grassi,Hatsuda,Marino]

[Kashaev,Marino]

Σ −→ ρX

• The fermionic trace ZN (~) ∼ TrρNX + . . . of ρX is related to the series ΦN (gs)

[Grassi-Hatsuda-Marino]

ZN (~) ∼ cNgνNs ΦN (gs), gs = 1/~.

• First similarity with complex Chern-Simons: “state-integral” in terms of quantum

dilogarithm

ZN (~) =

∫

R
P (Φb(x))eπiQ(x)(. . .)dx
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Example: local F0

Toric diagram

u mF0

Mirror curve

ex +mF0
e−x + ey + e−y + ũ = 0

• One true Kahler modulus asso. to comp. 4-cycle F0

• One mass parameter mF0
asso. to non-comp. 4-cycle;

we set mF0
= 1.

Conifold trans-series at N = 1 [Haghighat,Klemm,Rauch]

Φσ1;1(gs) = e
VF0
gs (1 + π2

24 gs + 73π4

1152 g
2
s + . . .), VF0

=
2C

π2
.

C = Im Li2(i): Catalan’s constant.
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State integral

• The trace class operator is

ρF0
= O−1

F0
, OF0

= ex + e−x + ey + e−y

with commutation relation [x, y] = i~.

• The first trace has integral representation [Kashaev,Marino,Zakany]

Z1(~) = TrρF0(b) =
1

2b

∫

R

Φb(x+ ib/4)2

Φb(x− ib/4)2
eibxdx, ~ = πb2.

It has two saddle points with fluctuation

Φσ1;1(gs), Φσ2;1(gs) = iΦσ1;1(−gs).

• Second similarity with complex CS: TrρF0
factorises to holomorphic and

anti-holomorphic blocks

TrρF0(b) = − i

2

(
G0(q)g0(q̃) + 8b−2g0(q)G̃(q̃)

)
.
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Resurgent structure

Third similarity: Vertical towers of Borel singularities

+i

2VF0

Φσ1;1(gs)

+i

−2VF0

Φσ2;1(gs)

Two families of trans-series with the same power series

Φσ1,n;1(gs) = Φσ1;1(gs)e
−n i

gs ,

Φσ2,n;1(gs) = Φσ2;1(gs)e
−n i

gs .
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Stokes constants

Stokes constants

Φσ1;1(gs)

6

3

6

17

−26

4

−8

36

−192

1048

−5752

Fourth similarity: The Stokes q-series

S±σσ′(q) =

∞∑

n=1

Sσσ′;±nq
±n/2

are given by bilinear combinations in fundamental solutions of

the q-difference equation

(1−q 3
2x)y(q2x; q)−q1/4(2−qx)y(qx; q)+q

1
2 (1−q 1

2x)y(x; q) = 0

evaluated at x = 1.

What are the BPS states they are counting?
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Local P2

N = 1

ϕσ1;1(gs)

3

3

1

3

−3

6

ϕσ1;1(gs) ∼ Z1

N = 2

6

15

20

21

−6

15

ϕσ1;2(gs)

1

−3

10

−29

−1

−6

ϕσ2;2(gs) =
ϕσ1;1(gs)

−1

ϕσ1;2(gs) ∼ Z2

ϕσ2;2(gs) = ϕσ1;1(gs)
−1
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Conclusions and open

questions



Conclusions

• Stokes constants define new non-perturbative invariants.

• In some models (SW theory, complex Chern-Simons, conifold topological string) they

are non-trivial integers and are BPS countings,

• and they can be solved completely.

Open questions

• Proof or physical justification of BPS interpretation of Stokes constants in complex

Chern-Simons? [3d-3d correspondence]

• Enumerative meaning of the integer Stokes constants in conifold topological string?

• Pattern of Borel singularities as N grows larger in conifold topological string?

• Resurgent structure of conifold topological string on compact Calabi-Yau?

• Solution to Riemann-Hilbert problem related to Stokes automorphism?

[Gaiotto,Moore,Neitzke][Bridgeland]
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Thank you for your attention!
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