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Spectral Curve

Topological recursion

- 0 i )
Invariants w, ,,
Let us define ENT the class of enumerative problems for which there exists a proof that the solution can be
generated by TR and/or ABCD-TR and/or GR, for some initial data.

«0O)>» «F»

it
a
it

v
it

DA



Introduction Hurwitz theory Chiodo classes Integrability for Q Resurgence
oe 0000000 0000000000000 0O00O0O00O0000000000 00000 000

| am interested in expanding ENT as well as in the following picture for ENT:
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RECURSION

Algebraic geometry: cohomological field theories, moduli spaces of curves, ...
Mathematical physics: integrable hierarchies, ...

Theoretical physics (GW / top strings / ...much more) or statistical physics (matrix models) or any
motivation for the enumerative problem, ...



An example: Hurwitz numbers

Definition (Hurwitz numbers)

For a partition « of size d, let C, € Q[& 4] be the formal sum of all permutations in & 4 of cycle type a. For
a non-negative integer g and a partition k of d of length n define
1 m
h? —
gk al 1)
where m = 2g

1 h
2+n

d. [Ci4]° only counts the products of tuples generating transitive subgroups
Equivalently, h®, , and h® 7 are related by inclusion-exclusion

o They enumerate branched covers with prescribed ramification conditions

o They enumerate constellations by lifting the graph passing Througp S\\}brg\&@pgi%& .
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An example: Hurwitz numbers

For a partition « of size d. let C,, € Q[& 4] be the formal sum of all permutations in & 4 of cycle type a. For
a non-negative integer g and a partition k of d of length n define

hgu = —[C:d] Cx ()C(l 1.0 hox = —[C: 1°.Cy ()Cu 1.

1)
where m = 2g — 2 + n + d. [Cig]°® only counts the products of tuples generating transitive subgroups
Equivalently, hg,, and hg‘F are related by inclusion-exclusion
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An example: Hurwitz numbers

o o %kt

Definition (Hurwitz numbers)

For a partition « of size d, let C, € Q[S 4] be the formal sum of all permutations in & 4 of cycle type a. For
a non-negative integer g and a partition k of d of length n define

m m

. ! ® . 1o~ S0
gik = a[cdecch(W,LmJ)v hox = a[c/‘d] ~CI<WC(1,1,.,.,1)

where m = 2g — 2 + n+ d. [Ciq]° only counts the products of tuples generating transitive subgroups.
Equivalently, hé.k and h;-z? are related by inclusion-exclusion.

o They enumerate branched covers with prescribed ramification conditions.
o They enumerate constellations by lifting the graph passing through all branch points.



Algebro-geometric side

In ferms of the infersection theory of the moduli space of curves:
Let g, n be non-negative integers such that 2g — 2 + n > 0. For a partition k of length n and size d we
have :
K
n el
how =11 /7
¢ EEW Mg,n
where:

(CEY)=1=21 + ... + (=1)92g)
@ ne

o ~ (7
gk = [Cidl® Ck—mr—Ca ...
@ By Riemann Hurwitz m = (2g — 2 + n+ d)

@ Eisthe Hodge bundle

Theorem (Mumford formula)

y m B
C(EY) = exp (ZH)

n

m+1 N
<m —

P m(m+ 1)

’

7

K%

i=1

m

" are the ) classes at the branches of the node, By, are Bernoulli numbers.

T2, (0 = ki)

1
+ -

«O» «F»

where jis the boundary morphism representing the boundary divisor at one of the branches of the node,
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Algebro-geometric side
In terms of the intersection theory of the moduli space of curves:

Theorem (Ekedahl, Lando, Shapiro, Vainshtein ('99))

Let g, n be non-negative integers such that 2g — 2 + n > 0. For a partition k of length n and size d we

have :
lﬂ[k’/ (CEY)=1= X1+ ...+ (=1)9g)
k' JMg,n ,1( — Kiy)
where:
(C2))™
L hgk*[c/‘d]o'ck%cﬂ,],.“,])

@ By Riemann Hurwitz m = (2g—-2+n+4d)
@ Eis the Hodge bundle

Theorem (Mumford formula)
n 1 (d)/)m _ (7w//)m
o®) =exp | ()T |y — 34 1 B VT
(mJ m(m+ 1) =2 P!+

where j is the boundary morphism representing the boundary divisor at one of the branches of the node,
o, 4p"" are the ¢ classes at the branches of the node, By, are Bernoulli numbers.



Mathematical physics side

In terms of integrable hierarchies:
The partition function of double Hurwitz numbers
Z(p BiBF) = 3

d
hgipe,a°BTow, P,
d,m;p,v=d

* —
hgip, =
is a fau-function of the 2D Toda integrable hierarchy.
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Mathematical physics side

In terms of integrable hierarchies:
The partition function of double Hurwitz numbers
Z(p BiBF) = 3

° d ,m / o 1 C&’)
hg;u,uq B Py Py s hg;u,u = E[Cld]'cﬂ |
d,m;p,v=d : :

is a fau-function of the 2D Toda integrable hierarchy.

Cu
m
The partition function of Hurwitz numbers is a tau-function of the KP integrable hierarchy.
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Mathematical physics side
In terms of integrable hierarchies:

Theorem (Okounkov, ‘00)

The partition function of double Hurwitz numbers

cm
Z(p, :B.B) = > h%,.,a°B"ou. P, Mg = 5 [crd] Cu ()Cu
d,m;p,v=d

is a tau-function of the 2D Toda integrable hierarchy.

Corollary (Okounkov, ‘00)

The partition function of Hurwitz numbers is a tau-function of the KP intfegrable hierarchy.

@ It extendsto many other Hurwitz problems (different ramification conditions)
@ it proves a recursion for Hurwitz numbers conjectured by Pandharipande

@ The key part of the proof is to express (changing fo Schur functions basis)

e oV e e PP R
G = Ty, wy Spg Ko() i %=y —ve(v)

for the bosonic operators oy, [y, ] = kéy  acting on the Fock space and some zero energy
operators F, representing simple ramifications.



Physics/enumerative problem side

In terms of enumerative problems / topological string theory / matrix models:

Gromov Witten / Hurwitz correspondence for nonsingular target curves
(Okounkov-Pandharipande, ‘02)

BKMP conjecture (Bouchard, Klemm, Marino, Pasquetti, ‘07)
of infinite framing)

Bouchard Marifio conjecture, ‘07 (mirrors of toric Calabi-Yau threefolds, framed vertex in the limit

Matrix model for Hurwitz numbers (Borot, Eynard, Mulase, Safnuk, ‘09)
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What about topological recursion for Hurwitz theory?

f M eNtrv(m)
THEOQETIGHL Wi
PURE ‘
%,




Topological recursion for Hurwitz numbers
Hurwitz numbers belong to ENT via the spectral curve

] dzydzy
T =CP, x(2)=-z+log(2), ¥(2) =2, wpp=
producing free energies Fg, n(xj,

(21 — )?

X X n
sXp) = [N [Fwg,n = Zm vecesnn=1 N Ty S
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Topological recursion for Hurwitz numbers

Hurwitz numbers belong to ENT via the spectral curve

] dzydzy
T =CP, x(2)=-z+log(2), ¥(2) =2, wpp=
producing free energies Fg, n(xj,

(21 — )?

csXn) = [N N wg n = Zm,-~-,un=1 hgin [T, &'t
wgn(®) = >
ay,, n
dy,...i0n

n
a:
/7 Cg,n(Va ®"'®Van)]:[¢,-’d (
an ' Mg, i=1

d\%
= d_x,) €ai(xi)>
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Topological recursion for Hurwitz numbers

Conjecture (Bouchard-Marino, ‘07. Now theorem)

Hurwitz numbers belong to ENT via the spectral curve

1 adzydz,
T =CP, x(2)=-z+log(2), ¥(2) =2, wpp= —_——
(21 — 2)
producing free energies Fg.n(Xq, . . ., Xn) = (X1 [*N wg n = g secentr=l hg.,. T, it

Theorem (Eynard, “11; DOSS, "13)

n d;
- d; d\"
wor®= 3 [ Cw(vfn®~-~®Van>Hwi’d<<’ch> 50#”)
ay,...,an g,n i=1 U

dys...,dn

o (Eynard, Mulase, Safnuk, ‘09): Proof using ELSV formula

Resurgence
000

@ For Hurwitz numbers we have &) =>,-0 ‘L—‘,L eHX, which gives exactly the non-polynomial part

of the ELSV formula

@ The ELSV formula is implied to extract the non-polynomial structure, to show that the correlation

differentials are well-defined on the spectral curve as they can be expressed as differential

operators acting on the basis of the &;.



TR for algebraic geometry: proving ELSV formulae by extracting the non-polynomial part independently

EL]V oss,_anenm )‘TR ’
\
b=

4

N

\ EXTRACT
\ \

Wy DEF mEb
on 2"
UASI

YOLlHOMlAL\TI ‘/(

net

SYMMETRIATION

SKEW- SYMMETRIZATION

( CUT-and - JOIN )

Ctel+ X >_ N —<
<AA¢U> Cet+V
0CK
SPACE

o Example: new proof of Johnson-Pandharipande-Tseng ELSV formula for orbifold Hurwitz numbers
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Let g, n be non-negative infegers such that2g — 2 + n > 0.
letre Zygands € Z.

Let {ay,...,an} € [0,r — 1]” aninfeger vector such that: 3°; a; = s(2g — 2+ n) (mod r)

Let mgfm be the proper moduli stack of stable curves [C, py, . . ., Pp] in ﬂg_ﬁ tfogether with a
line bundle L such that L®" =~ u%’;(f > qipy)

Let 7 : Cg'h g — Mg n,q Pe the universal curve, let £ — Cg?, 5 be the r-th universal root, let

€ : Mg’ o — Mg,n be the natural forgetful map. Let chm(r, s; G) be the Chern character
chm(R® 74 L)

is the boundary morphism representing the boundary divisor with multiplicity a at one of the
branches of the node, +’, '’ are the « classes at the branches of the node, Bm(x) are Bernoulli
polynomials

olM(r, 5;G) == e exp ( z(,m*“(m, )l chm(r, s;@)) € HV®"(Mg,n)
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(m+ D! chm(r, s; Q) (3}

Let g, n be non-negative infegers such that2g — 2 + n > 0.

Letr € Zygands € Z.

Let {ay,...,an} € [0,r — 1]” aninfeger vector such that: 3°; a; = s(2g — 2+ n) (mod r)

Let /\Ag n.q e the proper moduli stack of stable curves [C, py, . . ., pn]in Mg,n together with a

line bundle L such that L®" =~ wff‘s(f > qipy)

Let Cg n,a ,\/lg n,q e the universal curve, let £ — Cg n.q Pe the r-th universal root, let
€: Mésn G = /\Ag n be the natural forgetful map. Let chm(r, s; d) be the Chern character
chm(R® 74 L)

Q¥ (r,5:.G) == v exp (S (=x)"(m = 1) chm(r, 5; G)) €

DA



@ Lot g, n be non-negative integers such that2g — 2+ n > 0.

@ letrez gondsez

@ Lot {ay,...,an} € [0,r — 1] aninteger vector such that: 3, a; = s(2g — 2+ n) (mod r)

@ Lot /\Ag n.q e the proper moduli stack of stable curves [C, py, . . ., pn] in Mg, n together with a
line bundle L such that &7 =~ w‘og = > aipy)

@ letrn:C ML be the universal curve, let £ — C= be the r-th universal rooft, let

g, n a g, n a g, n a
: /\/l - na — A/lg n be the natural forgetful map. Let chy(r, s; d) be the Chern character
chm(/? Tx L)

E A N = T

= vaAw



@ Lot g, nbe non-negative integers such that2g — 2+ n > 0.

@ letrez gondsez

@ Lot {ay,...,an} € [0,r — 1]" aninteger vector such that: 3=, a; = s(2g — 2 +n) (mod r)

@ Lot H;’fn, o be the proper moduli stack of stable curves [C, py, . . ., Pp] in Mg, n together with a
line bundle L such that L®" e w®s(— > aip)

@ letr g o A/lg n.q o€ the universal curve, let £ — Cg 'n.q e the r-th universal root, let
€: ﬂgﬂ(g A/lg_n be the natural forgetful map. Let chy(r, s; d) be the Chern character
chm(R® 7« L)

E A N = T
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@ Lot g, n be non-negative integers such that2g — 2 + n > 0.

@ letrezpandse Z

@ Lot {ay,...,an} € [0,r — 1]" aninteger vector such that: 3°; a; = s(2g — 2+ n) (mod r)

@ Lot ﬂgfn’a be the proper moduli stack of stable curves [C, py, . . ., pPn] in Mg, n together with a

line bundle L such that (& & w|§g$(7 > aipy)
@ Letn:CpS, 5 — My, o be the universal curve, let £ — g%, , be the r-th universal root, let

€: ﬂ”fma — Mg,n be the natural forgetful map. Let chm(r, s; @) be the Chern character
chm(R® 74 L)
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Definition

@ Lot g, n be non-negative integers such that2g — 2 + n > 0.

@ letrezpandse Z
@ Lot {ay,...,an} € [0,r — 1]" aninteger vector such that: 3°; a; = s(2g — 2+ n) (mod r)
@ Lot ﬂgfma be the proper moduli stack of stable curves [C, py, . . ., pPn] in Mg, n together with a

line bundle L such that (& & w|§g$(7 > aipy)

@ letn:ClS _ — ML bethe universal curve, let £ — C5°.  be the r-th universal root, let

g,n,a g,n,a g,n,a
€ : Mg, o — Mg,n be the natural forgetful map. Let chm(r, s; &) be the Chern character
chm(R® 74 L)

Theorem (Chiodo formula)

= s i gj m r =L ay .
(m+ 1) chm(r, s; @) = Bpy1 (;) km — Y Bmi (7) v+ > B (7)10,*
i=1 a:

=0

(@)™ = (=v")"
P!+
where jq is the boundary morphism representing the boundary divisor with mulfiplicity a at one of the

branches of the node, 1, 1’” are the v classes at the branches of the node, Bm(x) are Bernoulli
polynomials.
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Definition

Let g, n be non-negative integers such that2g — 2 + n > 0.

letre Zygands € Z.

Let {ay,...,an} € [0,r — 1] aninfeger vector such that: 3; a; = s(2g — 2+ n) (mod r)

Let ﬂgfn’a be the proper moduli stack of stable curves [C, py, . . ., pPn] in Mg, n together with a
line bundle L such that [®" = w|§g$(7 > aipy)

Let 7 : Cg'y g — Mg:n o be the universal curve, let £ — Cg°, 4
€: ﬂ”fn,a — Mg,n be the natural forgetful map. Let chm(r, s; @) be the Chem character
chm(R® 74 L)

be the r-th universal root, let

Theorem (Chiodo formula)

s —1

vty

n h r nm _ (/7 \m
(m+ 1)t chim(r, 5: @) = By (;) Km— S B (%) o+ é S B (?),GM
i=1 Q:

=0

where jq is the boundary morphism representing the boundary divisor with mulfiplicity a at one of the
branches of the node, 1, 1’” are the v classes at the branches of the node, Bm(x) are Bernoulli
polynomials.

Definition (Chiodo classes)

ol (r,5,8) i= e exp (32 (—0)™(m = )l chm(r, 5:6)) € H"(Mg,n)
m=1
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@ 13, = HICdl° Cu—u—c(l 1,01
@ By Riemann Hurwitz m = (2g — 2 + n + d)

«0O)>» «F»

Let g, n be non-negative integers such that 2g — 2 + n > 0. For a partition . of length n and size d we
have :
where:

nit ll(r=1,5=1;7)
1;[ /Mgn

IT72, (0 = piy)
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Proposition (L,Popolitov, Shadrin, Zvonkine, *15)

Johnson-Pandharipande-Tseng ELSV formula can be restated in terms of Chiodo class (slightly specialised)
as follows.

Let g, nbe non-negative integers such that 2g — 2 + n > 0. Let g be a positive integer. For a partition p of
length n and size d divisible by g, we have :

o - (D abln(@ g = ()
hg;#:Cg,n'H T n T
=l IRgn TI2,0 - Hw)

where:

@ 29— (cyr.c. @ ¢
feT3 = [Cial®-Cp —5 (9,9,---,9)

@ . = glu] + (u;). and by Riemann Hurwitz m = (2g — 2 + £(w) + || /q)

o Cg,n is the product of powers of g depending on g, n, u.
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Proposition (L,Popolitov, Shadrin, Zvonkine, *15)

Johnson-Pandharipande-Tseng ELSV formula can be restated in terms of Chiodo class (slightly specialised)
as follows.

Let g, nbe non-negative integers such that 2g — 2 + n > 0. Let g be a positive integer. For a partition p of
length n and size d divisible by g, we have :

I B all (9, a:9— (u))
g =cgn Il - [ 1 Pl
b SMgn TI(0 - G4

where:

@ 29— (cgl°.c. @ ¢
feT3 = [Cial®-Cp —5 (9,9,---,9)

@ . = glu] + (u;). and by Riemann Hurwitz m = (2g — 2 + £(w) + || /q)

o Cg,n is the product of powers of g depending on g, n, u.

Theorem (L.,Popolitov, Shadrin, Zvonkine, *15)

The spectral curve & = CP', x = —2' + log(2), y = 2°,wg o = % produces free energies
1722
r,s rs 1o (ui/n)) Xt Qg]n(ﬂsif— (1))
Fg’,n(Xhu-yxn):Cg’_n 7|e/ T = - By ? wo=[p]r + (p)
C =T [m]! JMg,n H,':](] - T¢i)

Proof: DOSS equivalence (Givental/Teleman classification and TR).
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Conjecture (Zvonkine (unpublished, ‘06). Now theorem.)

Let g, n be non-negative integers such that 2g — 2 + n > 0. Let r be a positive integer. For a partition p of
length n and size d, we have :

o,r—spin _ r .
= = Cg,n

N ) / Qb 1ir = (up))
=1 [i]! ~Hg,n /57:](1 - ?d):)

where:
- C,. )P
@ ng " = [Cial°.C 1 =Ca i, )
i = rlpi]l + (p;). and by Riemann Hurwitz b = (2g — 2 + n+ d)/r

Cé,n is the product of powers of r depending on g, n, u.

6”1 is the (r + 1)-st completed cycle of the GW/Hurwitz correspondence. For instance:

o =Co: C@) = C@ + Ca,n + 1:C0) + 28850 Clay = Cay + 0.t

@ GW/Hurwitz correspondence for non-singular curve X: descendents of the class of a point w are
equivalent to completed cycles I}
_ Z(k+1)
T)(w) = T

Proof:
@ Proof via topological recursion and DOSS equivalence (*19, see Generalised Zvonkine conjecture)

@ Proof via localisation on the moduli space of stable maps by Leigh ("20).
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Conijecture (Kramer, L., Popolitov, Shadrin (2017). Now theorem.)

Let g, n be non-negative integers such that 2g — 2 + n > 0. Let g, r be positive integers. For a partition p
of length n and size d divisible by g, we have :

0,0,/ —spin _ q,l .
hgly =cgn-I1

(] / ol (a, g ar — (up))
=1 [i]! ~Hg,n

T2, (1 — 2l

where:
o,q,r—spin © C (Cr+ ) C,
° hg;uq ‘d]o w b!] (9,9;-.-,9)

o i = arlpi] + (p;). and by Riemann Hurwitz b = (2g — 2 + €(p) + |p|/Q)/r

o <:g:,’1 is the product of possibly fractional powers of r and g depending on g, n, p.
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Conijecture (Kramer, L., Popolitov, Shadrin (2017). Now theorem.)

Let g, n be non-negative integers such that 2g — 2 + n > 0. Let g, r be positive integers. For a partition p
of length n and size d divisible by g, we have :

0,0,/ —spin _ q,l .
hgly =cgn-I1

(] / ol (a, g ar — (up))
=1 [i]! ~ﬁg,n

T2, (1 — 2l

where:

e C,.1)P
@ 1P = [Cidl°-CuE - Claq.....q)

o i = arlpi] + (p;). and by Riemann Hurwitz b = (2g — 2 + €(p) + |p|/Q)/r

o cg:;, is the product of possibly fractional powers of r and g depending on g, n, p.

The proof that uses topological recursion goes through a series of papers:

@ DOoss equivalence for g = 1 (Shadrin, Spitz, Zvonkine, “13)
DOSS equivalence for Chiodo classes (L., Popolitov, Shadrin, Zvonkine, “15)
Quasi-polynomiality via Fock space for r = 1 (Dunin-Barkowski, L., Popolitov, Shadrin, “15)
Quasi-polynomiality via Fock space and conjecture (Kramer, L., Popolitov, Shadrin, “17)

Proved in genus zero, proved for r = 2 in any genera, via loop equation techniques (Borot, Kramer,
L., Popolitov, Shadrin, “17)

Proved in all cases extending loop equation techniques (Dunin-Barkowski, Kramer, Popolitov,
Shadrin, “19)
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Monotone Hurwitz numbers: labelling the cover sheets and the simple ramification points, the highest
label is monotonically increasing.
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Theorem (ELSV for monotone Hurwitz numbers. Alexandrov, L., Shadrin, *15)

Let g, n be non-negative integers such that 2g — 2 + n > 0. For a partition p of length n and size d we

have :
Do r2u; +dj)—H!
<,0 L 2(pi
5 JLC) [ o0 (150 g
o g Hi Mgv” Z /11512:0 (2p; — M1
where
<
@ 152 =[Cil° Cubm(da, - - -, Ja)C2,2,.... 2)

hy is the complete homogeneous polynomialand J; := (1 )+ (2 f)+---+(f—=1 1) € Q[Sy4]is
the -th Jucys-Murphy element.

(]
@ By Riemann Hurwitz m = 2g—2+n+d.
@ > 2k + DX = exp(— g Amx™)
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Theorem (ELSV for monotone Hurwitz numbers. Alexandrov, L., Shadrin, *15)

Let g, n be non-negative integers such that 2g — 2 + n > 0. For a partition p of length n and size d we

have :
Do r2u; +dj)—H!
<,0 L 2(pi
5 f1() o (5 o) 1 5 B
o g Hi Mgv” Z /11512:0 (2p; — M1
where:
<
@ 152 =[Cil° Cubm(da, - - -, Ja)C2,2,.... 2)

()] hy is the complete homogeneous polynomialand J; := (1 )+ (2 f)+---+(f—=1 1) € Q[Sy4]is
the -th Jucys-Murphy element.

@ By Riemann Hurwitz m = 2g—2+n+d.
@ > 2k + DX = exp(— g Amx™)

Remarks:

@ These numbers arise as coefficient of the HCIZ matrix model for Coulomb gas (Goulden,
Guay-Paquet, Novak, "11)

_andy

@ These numbers belong to ENTvia ™ = CP', x = (z — 1)/2%,y = —2z, wp 2 = @2

—— 45 (Do, Dyer,
Mathews, 14)



ELSY

SPiN
ELSV

3]
‘n'a.-\ (l', 5; a‘.) Sy
QRB\FOLD
ELSV
~[g]-ELsv

-ELSV

DA



Strictly monotone Hurwitz numbers or Grothendieck dessins d’enfant: labelling the cover sheets and the
simple ramification points, the highest label is strictly monotonically increasing.
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Theorem (ELSV for Grothendieck dessins d’enfant. Borot, Garcia-Failde, “17)

Let g, n be non-negative integers such that 2g — 2 + n > 0. For a partition 1. of length n and size d we
have :

N 2w olla, —1; nel/2a, 1, MHaMla, 1, 1 A
h;zio = 291—[( MI)I‘/‘ /7 ( )n ( )QH( ) Z 3[h pl
- S\ ) S Rag 2,00 — i) £ 23h(2n)!

where:
2
@ 1520 = | AUWIICial®-Coapy ... 20n) (Easfal=d,t(a)=b Car) C.2....2)
@ By Riemann Hurwitz b = d/2—(2g—2+n)

@ [a]is the Poincaré dual of the boundary strata Mg _p 5195 C Mg,n Obtained by gluing the last
2h marked points pairwise.
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Theorem (ELSV for Grothendieck dessins d’enfant. Borot, Garcia-Failde, “17)

Let g, n be non-negative integers such that 2g — 2 + n > 0. For a partition 1. of length n and size d we
have :

N 2w olla, —1; nel/2a, 1, MHaMla, 1, 1 A
h;zio = 291—[ ( MI)I‘/‘ /7 ( )n ( )QH( ) Z 3[h pl
' =1 \ K Mg,n ITL, (V= piny) hoo 2°M(2h)!

where:
12,0 _
@ 1520 = | AUWIICial®-Coapy ... 20n) (Easfal=d,t(a)=b Car) C.2....2)
@ By Riemann Hurwitz b = d/2—(2g—2+n)

(] [Ap] is the Poincaré dual of the boundary strata Hg,h’n+2h C Mg,n obtained by gluing the last
2h marked points pairwise.
@ These numbers belong to ENTVIa S = CP', x = z+ 1/2,y = —z,wg 5 = (dz‘id?ﬂ
’ -2

o They are strictly monotone Hurwitz numbers via Jucys-Murphy correspondence:

a1 (Jpy oy dg) = > Ca
a:|a|=d,f(a)=d—k

where the Jucys-Murphy elementsare J; := (1 )+ (2 )+ ---+(t =1 1) € Q[Sy4l.and oy is
the k-th elementary symmetric polynomial.
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i).  The following properties identify uniquely the intersection numbers of {©¢, n}29_2+n>0:
@ ©g,n € H*(Mg,n) is of pure degree.

@ $:O9g,n =Og_1 ni2 aNd #5199, = T} ©h, 1141 - T Og_n n_|i+1 (atfaching maps)
@ 7%0g,n = Ypi1 - Og,ny1- (forgetful map)
@ 0, = 3¢ (initial data)

Moreover, any such collection is of pure degree 2g — 2 + n, is invariant under the &, action
permutating the labels and vanishes in genus zero for any n.
if). Such classes can be constructed as follows:
_ og—1+n - [—71] b
Og,n:=2 [deg = 2g — 2+ n]. Qg_ﬂ (
).

h9—1
il

79(n, T) = exp ( Ygnd

=T 1)).
Moreover, [deg > 2g — 2 + n].©g,n = 0 (fop Chern of an actual bundle).
The partition function of its intersection theory

<@g,n IT u-/(j" I Td/ >> is a tau function of the KdV hierarchy.
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Theorem (Norbury, 2017)
i). The following properties identify uniquely the intersection numbers of {eg,n}Qg_QHDO:
@ 0Oy n € H*(Mg,n) is of pure degree.
@ ¢;0g,n=0Og_1 ni2and ¢;;7,eg,,, = 71O |i|4+1 - 75 Og—_h,n—|i|+1 (@ttaching maps)
@ 7%0g,n = Yny1 - Og,ny1- (forgetful map)
@ 05 = 3y (nitial data)

Moreover, any such collection is of pure degree 2g — 2 + n, is invariant under the &, action
permutating the labels and vanishes in genus zero for any n.

ii).  Such classes can be constructed as follows:
Og,n = 29711 [deg = 29 — 2+ . (25 )2, —1: T)).

Moreover, [deg > 2g — 2 + n].©g,»n = 0 (fop Chern of an actual bundle).
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Theorem (Norbury, 2017)
i). The following properties identify uniquely the intersection numbers of {eg,n}Qg_QHDO:
@ 0Oy n € H*(Mg,n) is of pure degree.
@ ¢;0g,n=0Og_1 ni2and ¢;§7,@g,n = 71O |i|4+1 - 75 Og—_h,n—|i|+1 (@ttaching maps)
@ 7%0g,n = Yny1 - Og,ny1- (forgetful map)
@ 05 = 3y (nitial data)

Moreover, any such collection is of pure degree 2g — 2 + n, is invariant under the &, action
permutating the labels and vanishes in genus zero for any n.

ii).  Such classes can be constructed as follows:
Og,n = 29711 [deg = 29 — 2+ . (25 )2, —1: T)).
Moreover, [deg > 2g — 2 + n].©g,»n = 0 (fop Chern of an actual bundle).
iii).  The partition function of its intersection theory

= -1 ‘
22(n, ) = exp ( Sond 2l (eg.nTl W T fg;) ) is @ tau function of the KV hierarchy.
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Theorem (Norbury, 2017)
i). The following properties identify uniquely the intersection numbers of {eg,n}Qg_QHDO:
@ 0Oy n € H*(Mg,n) is of pure degree.
@ ¢;0g,n=0Og_1 ni2and ¢;7,@g,n = 71O |i|4+1 - 75 Og—_h,n—|i|+1 (@ttaching maps)
@ 7%0g,n = Yny1 - Og,ny1- (forgetful map)
@ 05 = 3y (nitial data)

Moreover, any such collection is of pure degree 2g — 2 + n, is invariant under the &, action
permutating the labels and vanishes in genus zero for any n.

ii).  Such classes can be constructed as follows:

Og,n = 29711 [deg = 29 — 2+ . (25 )2, —1: T)).

Moreover, [deg > 2g — 2 + n].©g,»n = 0 (fop Chern of an actual bundle).
iif).  The partition function of its infersection theory
= =1 !
22(n, ) = exp ( Sond 28 (og,nIl W T fg;) ) is @ tau function of the KV hierarchy.

Og,n Is the CohFT corresponding to the Brézin-Gross-Witten matrix model (key of the proof above)

(*]

@ (Do, Norbury (2016)) ENT via the irregular Bessel spectral curve: x(z) = 2/2, y(z) = 1/z. Virasoro,
cut and join, quantum curve.
()
()]

(Witten, Stanford (2019)) ©g,  is involved in JT Gravity and Mirzakhani’s recursion for volumes of
moduli spaces of super Riemann surfaces.

(Norbury (2020)) The volumes of the moduli space of super hyperbolic surfaces with geodesic
boundary lengths L. (9g,n exp(212 k1 + % 3 Liy)). belong to ENTvia x = 72/2, y = cos(2n2) /z.
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Let A be a zero sum vector of integers of length n, a = a; L ag U a_. Let

stab : Mg, qq (P!, a_(0), ay(o0))™~ — Mg,n the map stabilising the target of the moduli space of
stable maps to rubber P! relative to the partitions over zero and infinity defined by the positive and the
negative elements of A. Then

DRg,n(Q1, - - -, On) := stab [Mg, (B, a_ (0), oy (00)) ™"

«0O>» «F>r « =
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Definition (Double ramification cycle)

Let A be a zero sum vector of integers of length n, a = a; L ag U a_. Let
stab : Wg,ao (IP] ,a_(0), a;(c0))™~ — Mg,n the map stabilising the target of the moduli space of

stable maps to rubber P! relative fo the partitions over zero and infinity defined by the positive and the
negative elements of A. Then

DRg,n(Q1, - - -, On) := stab [Mg, (B, a_ (0), oy (00)) ™"

Why Double Ramification cycles?

o Eliashberg problem: what is a good compactification?
Hain formula on compact type, polynomial in a; of degree 2g
Faber and Pandharipande prove it tautological of degree g

Central object in the construction of Buryak integrable hierarchy from a Cohft, conjecturally Miura
equivalent to and therefore extending Dubrovin Zhang construction.

Many different approaches in algebraic geometry for its description/consfruction...
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Definition (Double ramification cycle)

Let A be a zero sum vector of integers of length n, a = a; L ag U a_. Let
stab : Wg,ao (IP] ,a_(0), a;(c0))™~ — Mg,n the map stabilising the target of the moduli space of

stable maps to rubber P! relative fo the partitions over zero and infinity defined by the positive and the
negative elements of A. Then

DRg,n(a1, - - - , On) = stabu [Mg, a0 (', a_ (0), ay (00)) ™"

Why Double Ramification cycles?

o Eliashberg problem: what is a good compactification?
Hain formula on compact type, polynomial in a; of degree 2g
Faber and Pandharipande prove it tautological of degree g

o

o

@ central object in the construction of Buryak integrable hierarchy from a Cohft, conjecturally Miura
equivalent to and therefore extending Dubrovin Zhang construction.

o

Many different approaches in algebraic geometry for its description/consfruction...

Theorem ((Janda, Pixton, Pandharipande, Zvonkine), Proof of Pixton conjecture)

DRg,n(ay,...,0n) = (r< [deg = g].Qg]n(r, iy @Ry 000 g an)) ’r—o r>> q;
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For2g — 2 + n > 0 define vn’}g",‘{,(Ll, ..., Llp)as

1 K
—— [ e TT VQhw) ) ((EedecEw)> (Lreaw) T1
reGg,n i 7 /R+r vevr S eckr

Ledle
ete — 1’
which is of total degree 3g — 3 + n, where Vﬂg 6000 o llp) = <exp (% > L}"zp,)>
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For2g — 2 + n > 0 define vn’}g",‘{,(Ll, ..., Llp)as

r

1 K
—— [ e TT VQhw) ) ((EedecEw)> (Lreaw) T1
2 g I Voo .

=
which is of total degree 3g — 3 + n, where Vﬂg 6000 o llp) = <exp (% > L,21pi)>

Let MV, n be the Masur-Veech volumes associated with the principal strata of the moduli spaces of
quadrafic differentials of genus g with n marked poinfs. Then

249=2tN(4g — 4 4 n)!
MVg.n — (4g—4+n)

vaVo,...,0
(6g — 7 + 2n)! g.n( )

m

«O» «F»
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Theorem (Topological Recursion for Masur-Veech volumes. Andersen, Borot, Charbonnier, Delecroix,
Giacchetto, L, Wheeler 2019)

Masur-Veech volumes of quadratic differentials belong to ENT. More precisely, the spectral curve given on
the Riemann sphere by

dz; ® dz 1 dz; ® dz

MV 1 2 1 2

D==, v@=-z @)= 2t S — 2
2 @ -2 2 7 @ —2+m)

produces TR output expanded in the Riemann-Hurwitz functions ¢y (£, 2) = > nez(2 + m)—*

n
MV MV
wgin (215 -+ -5 2n) = > Fgnldh, -, ahl &) ¢u(2d; + 2; z) dz;.
dy+---+dn<3g—3+n i=1

where F MV are the coefficients of VQ MV in the expansion:

2d;

L 1
VQMV(L1,-~-,Ln): E’* FMV[dlw' dn]H 2q; v
dy+---+dn<3g—3+n ( +1)

@ First compute the entire collection of polynomials \/Q My » Up to a certain level in the Euler
characteristic, then extract MV volumes.



For any fixed genus g > 0, there exist polynomials pg, g € Q[n] such that, forany n > 0
MVg,n n (20 =3+ n)l(4g — 4+ n)!
=2
76g—6+2n

(6g — 7 + 2n)!

(Pg(n) + v2g—31n Ag(n)),
of explicit degrees growing linearly with the genus.
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For any fixed genus g > 0, there exist polynomials pg, g € Q[n] such that, forany n > 0
MVg,n n (20 =3+ n)l(4g — 4+ n)!
=2
76g—6+2n

(6g — 7 + 2n)!

(Pg(n) + v2g—31n Ag(n)),
of explicit degrees growing linearly with the genus.

_ 1 (2k)
Tk = 2w\ x)
MV conjecture for fixed g holds true. Key ingredient for the proof: ELSV for MV.
MVon  _ agrt (=19 *(4g — 4+ )t
£6g—6+2n

M, e ="
- (n a, 1,1))

Moreover, factorisation Chiodo classes allows expression in Hodge integrals against 1P,-2-

(6g — 7 +2n)! ./

Oy A5

a
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Conjecture (Masur-Veech volumes for fixed genus)

For any fixed genus g > 0, there exist polynomials pg, qg € Q[n] such that, for any n > 0

MVg,n h (2g—3+n)(4g — 4+ n)! 1 72k
b =2 = — .
76g—6+2n (69 — 7 + 2n)! (Po(n) +72g-34n Go(M) Tk K < k)

of explicit degrees growing linearly with the genus.

Theorem (Chen, Moller, Sauvaget)

MV conjecture for fixed g holds true. Key ingredient for the proof: ELSV for MV.

MV, —1)39=34Ng — 4 4 )t N
on__ y2gn (21 (4g —4+n) /7 (M@, —1;7) "
w6g—6+2n (6g — 7 +2n)! Mg,n

Moreover, factorisation Chiodo classes allows expression in Hodge integrals against wi?,

Corollary (Borot, Giacchetto, L. Appendix to result above)

@M@, —1;T) " = al=11(1,2; ), hence Mg, belong to ENT in a second inequivalent way, via
dz dz.

Y = (C]P’], X(z) = —z— log(2), y(z) = 22’ “"0,2(21 ,2) = Lg

(21 — )

@ Kaozarian: KP integrability of Hodge integrals to compute MV volumes recursively
o Yang, Zagier, Zhang: ILW integrability to compute MV volumes recursively
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1 T
xon= [ afla,-uT)
O JRagn O

Euler characteristic as intfegral of the log cotangent + def Chiodo classes + Serre duality

] MVg,n are proportional to the integral of QH_‘(W. : T)

@ Application
! ) 1
Xg,n = /7 c(E” )CXP< 7“??)
JMg,n m?\ o

New proof of Harer-Zager formula for x g, » (expand the exp in v + string, dilaton, initial condition
forn = 0)

Tested computationally via admcycles Sage package (Delecroix, Schmitt, van Zelm), new library
with Schmitt with all ELSV formulae.
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(1 T
Xg, —/, Qgn(1, =1;T)
LAt Mg.n g.m=

Euler characteristic as integral of the log cotangent + def Chiodo classes + Serre duality
MVg, n are proportional to the integral of Qg}n(1 =11
o Application:
1
v
X,:/i Cc(E exp(—g 71@)
ga,n Mg.n ( ) m m

m>1

New proof of Harer-Zager formula for x g,n (expand the exp in « + string, dilaton, initial condition
forn=0)

Tested computationally via admcycles Sage package (Delecroix, Schmitt, van Zelm), new library
with Schmitt with all ELSV formulae.
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What about the integrability of Chiodo integrals for arbitrary parameters?

f M eNtrv(m)
THEOQETIGHL Wi
PURE ‘
%,




The generating series of Hodge integrals in the formal commuting variables u, T;,

ST = 3 (Yo

J, k=0

) Rk nk

k! ket T
friangular change of variables T; = Ti(q):

(@)

K
Po(U, 2) == dpr1(U, 2) == D
For instance

is a solution of the KP hierarchy with respect to the variables g; (identically in u), after the following linear

5 d
¢o(U,2), D:=(u+2)z—
b0 =2, ¢1= Pz 420 + 2, by = ut
h=aq, Th=

z+ 6032 + 12022 + 10uz® + 325,

Then T is obtained form ¢, by replacing 2™ by gm in each monomial. For instance
W Q1 +2uqgp + g3,

Equivalently, T, is given by the following recursive equation

T2:u4q1 +éu3q2712u2q3—10uq4+3q5

Tegr= >, m
m>1

d
(U2 dm +2UQmy1 + dmy2) Ty
dgm

DA
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Theorem (Kazarian, ‘08)

The generating series of Hodge integrals in the formal commuting variables u, T;,

Lo 1k
k! Kyt

e = 3 (—Ayro A

J,ki=0

@

is a solution of the KP hierarchy with respect o the variables g; (identically in u), after the following linear
friangular change of variables T; = Ti(q):

K+1 2 d
#0(U,2) =2, py1(U,2) :==D""" ¢g(u,2), D:=(u+2)z &
For instance
Po=2, ¢ = Pz + 20 + 23, ¢o = Uz + 6037 + 120%2 + 10u + 325,

Then T is obtained form ¢ by replacing 2™ by gm in each monomial. For instance

To=a, h=Uaq+2ugqm+a, Hh=u'q+60qp+120"qs+10uq +3as
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Theorem (Kazarian, ‘08)

The generating series of Hodge integrals in the formal commuting variables u, T;,

Lo 1k
k! Kyt

e = 3 (—Ayro A
jki=0

@

is a solution of the KP hierarchy with respect o the variables g; (identically in u), after the following linear
friangular change of variables T; = Ti(q):
K+1 2 d
¢o(U,2) =2, ¢py1(U,2):=D ¢o(u,2), D:=(u+2)°z =
For instance
Po=2, ¢ = Pz +2u? + 23, ¢o = Uz + 6037 + 120%2 + 10u + 325,

Then T is obtained form ¢ by replacing 2™ by gm in each monomial. For instance

To=a, h=Uaq+2ugqm+a, Hh=u'q+60qp+120"qs+10uq +3as

Equivalently, Ty is given by the following recursive equation

5 d
Terr = o0 MU Am+2UGma + dma2) — Tk, To=ar-
1 adm



Witten Conjecture / Kontsevich Theorem for u = 0.

Strategy of the proof:

()
(]
(*)
(]
(]
(*)

(*)

By Okounkov H is a solution of KP in the p;: H(8; B) = X1 71 Z{)h P hj f;ﬁ"""pkr.
K;
k' /< j n i\
Plug in ELSV formula: h ok = 17 1 %7 ¢ _‘jﬂ’(q) NI 2,
cktd  kpl 2 1
Set Ty = 2k>1 "‘%1 3573139, and u = 3.
Notice H — Hy 1 — Hy o = G(u, T)
Control the T change of variable: pj, <> XK, Qi < K via x(2) == ﬁef T8z
Express the flow along the fime g8 as a vector field %x(z) =—(2z+p 22) z%x(z) that can be

represented as an element of .j'A{f) Then prove KP infegrability for 3 = 0

Show that removing (0, 1) and (0, 2) unstable contribution does not spoil the infegrability

Remarks/questions:

Q
o

Hurwitz numbers obey KP and they are in ENT. Their CohFT is Hodge

What is the integrability of Hodge? The change of variable given by the spectral curve preserves
KP As a result, Hodge also obeys KR

The spectral curve acts as a transfer of integrability between the enumerative problem and the
CohFT. How general is this behaviour?

«4O0>» «Fr « =) «
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Witten Conjecture / Kontsevich Theorem for u = 0.

Strategy of the proof:
@ By Okounkov H is a solution of KP in the p;: H(8; B) = > % Zg’kl ekn hg_;ﬁ"’p;.

) Plug in ELSV formula: h\J =117,
kk+d k424 1
@ set7y Sk>1 ""w 377373 ka andu = 33
@ Notice H—Hy 1 — Hpo = G(u, T)
@ Control the T change of variable: py «» XK, g, «» Z¥ via x(z) == - 3z e T+B
] Express the flow along the fime g8 as a vector field %x(/) —(2z+ J/Z) /%x(/) that can be
represented as an element of nl ’;,'j Then prove KP integrability for 3 = 0

@ Sshowthat removing (0, 1) and (0, 2) unstable contribution does not spoil the infegrability
Remarks/questions:
@ Hurwitz numbers obey KP and they are in ENT. Their CohFT is Hodge

@ Wwhatisthe integrability of Hodge? The change of variable given by the spectral curve preserves
KP As a result, Hodge also obeys KR

@ The spectral curve acts as a transfer of infegrability between the enumerative problem and the
CohFT. How general is this behaviour?

«O>r «Fr «=Z»r <



Witten Conjecture / Kontsevich Theorem for u = 0.
Strategy of the proof:
@ By Okounkov H is a solution of KP in the p;: H(8; B) = > % Zg’kl ekn hg_;ﬁ"’p;.

k:
. k! ; d;
Plug in ELSV formula: h - = 7, # < ijdi(—l)/,\j [, ¥, '>

K+d k4o

Set Ty = Yy

K pgandu =33

Notice H — Hy 1 — Hy o = G(u, T)

Control the T change of variable: p, «» x*, g, « z* via x(

N

®© 6 606 o

Ixz) = —(22+87)

x(z) that can be

Express the flow along the fime g as a vector field

represented as an element of grlr( ~o). Then prove KP infegrability for 3 = 0
@ Sshowthat removing (0, 1) and (0, 2) unstable contribution does not spoil the infegrability
Remarks/questions:
@ Hurwitz numbers obey KP and they are in ENT. Their CohFT is Hodge

@ Wwhatis the integrability of Hodge? The change of variable given by the spectral curve preserves
KP As a result, Hodge also obeys KR

@ The spectral curve acts as a transfer of intfegrability between the enumerative problem and the
CohFT. How general is this behaviour?
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Witten Conjecture / Kontsevich Theorem for u = 0.

Strategy of the proof:

e

]

By Okounkov H is a solution of KP in the p;: H(B; B) = En>1 % Zg’kl ekn hg_;ﬁ"’p;.
Plug in ELSV formulat h = 17, k/ <Z, (=N TIL, v

kk+d

SetTd:EQ] Bk+3+3 Py cndu—ﬁ3

Notice H — Hy 1 — Hp o = G(u, f)

Control the T change of variable: py <+ x*, gy «» z

Express the flow along the fime g as a ve —(2z+ ,/,L)

x(z) that can be
represented as an element of g'l( ~o). Then prove KP integrability for 3 = 0

Show that removing (0, 1) and (0, 2) unstable contribution does not spoil the intfegrability

Remarks/questions:

Hurwitz numbers obey KP and they are in ENT. Their CohFT is Hodge

What is the integrability of Hodge? The
KP As a result, Hodge also obeys KR

“hange of variable given by the spectral curve preserves

The spectral curve acts as a transfer of intfegrability between the enumerative problem and the
CohFT. How general is this behaviour?

v
it

DA



Witten Conjecture / Kontsevich Theorem for u = 0.

Strategy of the proof:

A I )

]

By Okounkov H is a solution of KP in the p;: H(B; B) = En>1 % Zg’kl ekn hg_;ﬁ"’p;.
Plug in ELSV formulat h = 17, k/ <Z, (=N TIL, v

kk+d

SetTd:EQ] Bk+3+3 Py cndu—ﬁ3

Notice H — Hy 1 — Hg 2 = G(u, 7

Control the T change of variable: py <+ x*, gy «» z

Express the flow along the fime g as a ve —(2z+ ,/,L)

x(z) that can be
represented as an element of g'l( ~0). Then prove KP integrability for 3 = 0

Show that removing (0, 1) and (0, 2) unstable contribution does not spoil the infegrability

Remarks/questions:

Hurwitz numbers obey KP and they are in ENT. Their CohFT is Hodge

What is the integrability of Hodge? The
KP As a result, Hodge also obeys KR

“hange of variable given by the spectral curve preserves

The spectral curve acts as a transfer of intfegrability between the enumerative problem and the
CohFT. How general is this behaviour?
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Witten Conjecture / Kontsevich Theorem for u = 0.

Strategy of the proof:

@ By Okounkov H is a solution of KP in the p;: H(8; B) = > % 291“1 ki hg_;ﬂ"’p;.

k:
. k! ; d;
@ Plugin ELSV formula: h =TT ﬁ(zjydi(—l)/,\j I, o)

Kk+d 1.2 1
@ set Tg =i kj:,—Bk*'E"'?dpk andu = 3.

@ Notice H— Hyy — Hyp = G(u, T)

_ Bz
@ Control the T change of variable: py +» XX, gy ++ z¥ via x(z) = ]+leze +pz
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Witten Conjecture / Kontsevich Theorem for u = 0.

Strategy of the proof:
o By Okounkov H is a solution of KP in the p;: H(B; B) = En>1 % 291“1 ki hg;zﬂmplz.
@ Plugin ELSV formuia: hyz = TT7, k/ <Z, (=N TIL, v
k

@ set7y= St & +dBk+3+3 P and u = ﬂ3

@ Notice H— Hy 1 — Hp2 = G(u, T)
_ Bz

@ Control the T change of variable: py +» XX, gy ++ z¥ via x(z) = 1+Zﬂze +pz

o Express the flow along the time 8 as a vector field 5 x(z) —(2z+8 22) 2.5;X(2) that can be

represented as an element of gl(oo). Then prove KP mTegroblIlfy for 8 = 0.
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Witten Conjecture / Kontsevich Theorem for u = 0.

Strategy of the proof:
o By Okounkov H is a solution of KP in the p;: H(B; B) = En>1 % 291“1 ki hg;zﬂmplz.
@ Plugin ELSV formuia: hyz = TT7, k/ <Z, (=N TIL, v
k

@ set7y= St & +dBk+3+3 P and u = ,63

@ Notice H— Hy 1 — Hp2 = G(u, T)
_ Bz

@ Control the T change of variable: py +» XX, gy ++ z¥ via x(z) = 1+Zﬂze +pz

o Express the flow along the time 8 as a vector field 5 x(z) —(2z+8 22) 2.5;X(2) that can be

represented as an element of gl(oo). Then prove KP mTegroblIlfy for 8 = 0.

Show that removing (0, 1) and (0, 2) unstable contribution does not spoil the integrability
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Corollary (Kazarian)
Witten Conjecture / Kontsevich Theorem for u = 0.
Strategy of the proof:
@ By Okounkov H is a solution of KP in the py: H(B; B) = Shs1 o gk ek gkﬁ Pg-
@ Pugin ELSV formula: 7 = 17, I <zj a (=1 >
I<+d k
@ Setly= s K58 +3+3d pkcndu7ﬁ3
@ Notice H— Hg y — /—/0’2 = 6,7
_ Bz
@ Control the T change of variable: Py +> XK, Qi <> 2K via x(z) = Tzﬁze T+Bz
@ Express the flow along the time 8 as a vector field & x(z) —(2z+8 22) z%x(z) that can be
represented as an element of gT(\oo) Then prove KP |nTegrc1b|IiTy for 3 = 0.
@ Sshow that removing (0, 1) and (0, 2) unstable contribution does not spoil the integrability
Remarks/questions:
@ Hurwitz numbers obey KP and they are in ENT. Their CohFT is Hodge.
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Corollary (Kazarian)
Witten Conjecture / Kontsevich Theorem for u = 0.
Strategy of the proof:
@ By Okounkov H is a solution of KP in the py: H(B; B) = Shs1 o gk ek gkﬁ Pg-
@ Pugin ELSV formula: 7 = 17, I <zj a (=1 >
I<+d k
@ Setly= s K58 +3+3d pkcndu7ﬁ3
@ Notice H— Hg y — /—/0’2 = 6,7
_ Bz
@ Control the T change of variable: Py +> XK, Qi <> 2K via x(z) = Tzﬁze T+Bz
@ Express the flow along the time 8 as a vector field & x(z) —(2z+8 22) z%x(z) that can be
represented as an element of g@ Then prove KP |nTegrc1b|IiTy for 3 = 0.
@ Sshow that removing (0, 1) and (0, 2) unstable contribution does not spoil the integrability
Remarks/questions:
@ Hurwitz numbers obey KP and they are in ENT. Their CohFT is Hodge.

@ Whatisthe integrability of Hodge? The change of variable given by the spectral curve preserves

KR As a result, Hodge also obeys KR
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Corollary (Kazarian)

Witten Conjecture / Kontsevich Theorem for u = 0.

Strategy of the proof:

@ By Okounkov H is a solution of KP in the py: H(B; B) = Shs1 o Sk ek gkﬁ Pg-
@ Pugin ELSV formula: 7 = 17, I <zj a (=1 >
@ sef Ty =5 k”d 5” +3d pxand u = [33
@ Notice H— Hyy — Hy o = G(u, T)
Bz
@ Control the T change of variable: Py +> XK, Qi <> 2K via x(z) = Tzﬁz67 T+Bz
@ Express the flow along the time 8 as a vector field & x(z) —(2z+8 22) z%x(z) that can be
represented as an element of g@ Then prove KP |nTegrc1b|IiTy for 3 = 0.
@ Sshow that removing (0, 1) and (0, 2) unstable contribution does not spoil the integrability
Remarks/questions:
@ Hurwitz numbers obey KP and they are in ENT. Their CohFT is Hodge.

What is the integrability of Hodge? The change of variable given by the spectral curve preserves
KR As a result, Hodge also obeys KR

The spectral curve acts as a transfer of integrability between the enumerative problem and the
CohFT. How general is this behaviour?
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Theorem (Giacchetto, L, Norbury)

Let g, r be positive integers. The generating series Chiodo integrals in the formal commuting variables
u, {Td,a}dzo,a:W yee,Qre

qr

n
d;
/f ofl(arnaar— o[ 3 Taa ;- ®
Mg.n

1
i i=10;>0

EHy o

T T) =S
g.n

is a solution of the KP hierarchy with respect to the variables g; (identically in u), after the linear triangular
change of variables Ty o = Ty, o(U; G).
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Theorem (Giacchetto, L, Norbury)

Let g, r be positive integers. The generating series Chiodo integrals in the formal commuting variables
u, {Td,a}dzo,a:W yee,Qre

qr

1 [ 1
[u] . q]
- /M Qgn(ar,aar—a) [T > Topo % - ®)
a, g.n i=1d;>0

T T) =S
g.n

is a solution of the KP hierarchy with respect to the variables g; (identically in u), after the linear triangular

" . 1-a
change of variables Ty o = Ty o(U; §). defined fora =1, ..., grrecursively by Ty o = u' 9" gg and
~ " 9 -
Tg,a(u; @) = Z To,a,q,r(U; G) — Ta—1,a(u; ),
b>1 99gr(b—1)+a

Tb,a,q,r(U, q) = u? (b =14 & ) Qar(b—1)+a Tt U (2b =14 *) Aaro+a + PAgr(b+1)+a-
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Theorem (Giacchetto, L, Norbury)

Let g, r be positive integers. The generating series Chiodo integrals in the formal commuting variables
u, {Td,a}dzo,a:W yee,Qre

1 ar
G99 Z _
a.n n!

n
d:
/m ofl(arnaar— o[ 3 Taa ;- ®
ar i

i=1d;>0

is a solution of the KP hierarchy with respect to the variables g; (identically in u), after the linear triangular

" . -g
change of variables Ty o = Ty o(U; §). defined fora =1, ..., grrecursively by Ty o = u' 9" gg and

= = 2] =
Tg,q(ui @) = Z To,a,q,r(U, @) ——————Tq_1,q(U: G),
b>1 8qc]r(b—l)Jru

Tb,a,q,r(U, q) = u? (b =14 & ) Qar(b—1)+a Tt U (2b =14 *) Aaro+a + PAgr(b+1)+a-

For instance:

Qla

Hg=uU (P& a0+u(l + &)darra + Gagrra)

(u‘l(qg) Qo + U (1 +O% +2(§)2)qq,+a

Qo

Hha=Uu

+ (5468 + (§)?) daarea + U7 + 38) Gsars + Sucrra



Kazarian Theorem for r = g = 1. Witten Conjecture / Kontsevich Theorem forr = g = 1 and u = 0.

Strategy of the proof:

The generating function H9">9 of spin-orbifold Hurwitz numbers satisfy KP

Insert Generalised Zvonkine ELSV
R 2d ] (b+2)b+d by Q
Set Tg,q(BiB) = a3 "3 op —F——(ar8) ¥ pamiar
Follow the same strategy. Need gr infinite collections of variables that do interact with each other.
The element representing the 8 flow is Sqr = — (2Aqr — Jar,qr + ArB Aagr — ArB Jor,2qr) € g/[(—\oo)

where Am = % Spez k®_m_k: Jpm =% Skez, ptk Yp k@ p, —m—k- o being (possidly
rescaled) the Bosonic operators acting on the Fock space. In particular, 1 = —(2A1 + 8Ay)
Kazarian operator.
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Corollary
Kazarian Theorem for r = g = 1. Witten Conjecture / Kontsevich Theorem forr = g = 1and u = 0.

Strategy of the proof:

@ The generating function HY"9 of spin-orbifold Hurwitz numbers satisfy KP
@ Insert Generdlised Zvonkine ELSV
2d,1 . (b+2)btd a
= +

Q SetTy (BB =a3 I, —L—(arB) 9 Pgmia-

@ rollow the same strategy. Need gr infinite collections of variables that do interact with each other.

@ The element representing the 3 flow is Sqr = — (2Agr — Jar,qr + arB3 Nogr — arB Jq,yzq,) € gT(\oo)
where Am = 3 Skez ak@—m—ks Jo.m = 3 Ckez, ptk @p k% p, —m—k- & PEING (POSSIDlY
rescaled) the Bosonic operators acting on the Fock space. In particular, 7 = —(2A + BAy)
Kazarian operator.

Remarks/considerations:
@ Infegrals of Q obeys KR
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Corollary
Kazarian Theorem for r = g = 1. Witten Conjecture / Kontsevich Theorem forr = g = 1and u = 0.
Strategy of the proof:

@ The generating function HY"9 of spin-orbifold Hurwitz numbers satisfy KP

@ Insert Generdlised Zvonkine ELSV
. 20,1 | (brg)brd -l

@ setTy4(B:B) =0 3, —L—(arB) I Pamia-

@ rollow the same strategy. Need gr infinite collections of variables that do interact with each other.

@ The element representing the 3 flow is Sar = —(20gr — Jar,qr + arB Apgr — aArB Jgr 2gr) € gT(\oo)
where Am = 3 Skez ak@—m—ks Jo.m = 3 Ckez, ptk @p k% p, —m—k- & PEING (POSSIDlY
rescaled) the Bosonic operators acting on the Fock space. In particular, 7 = —(2A + BAy)
Kazarian operator.

Remarks/considerations:

@ Infegrals of Q obeys KR

@ Q can be the CohFT of many enumerative problems in ENT.
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Corollary
Kazarian Theorem for r = g = 1. Witten Conjecture / Kontsevich Theorem forr = g = 1and u = 0.
Strategy of the proof:

@ The generating function HY"9 of spin-orbifold Hurwitz numbers satisfy KP

@ Insert Generdlised Zvonkine ELSV
. &+l (b+ a )b+d a

Q SetTy (BB =a3 I, —L—(arB) 9 Pgmia-

@ rollow the same strategy. Need gr infinite collections of variables that do interact with each other.

@ The element representing the 3 flow is Sar = —(20gr — Jar,qr + arB Apgr — aArB Jgr 2gr) € gT(\oo)
where Am = 3 Skez ak@—m—ks Jo.m = 3 Ckez, ptk @p k% p, —m—k- & PEING (POSSIDlY
rescaled) the Bosonic operators acting on the Fock space. In particular, 7 = —(2A + BAy)
Kazarian operator.

Remarks/considerations:

@ Infegrals of Q obeys KR
@ Q can be the CohFT of many enumerative problems in ENT.

@ Therefore Q can transfer its integrability through the spectral curve, depending on the spectral
curve involved.
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Corollary
Kazarian Theorem for r = g = 1. Witten Conjecture / Kontsevich Theorem forr = g = 1and u = 0.

Strategy of the proof:

@ The generating function HY"9 of spin-orbifold Hurwitz numbers satisfy KP
@ Insert Generdlised Zvonkine ELSV
. &+l (b+ a )b+d a

@ sof Tq,a(BiP) = 3 73 35, 7((—7’5) 9 Parbta-

@ rollow the same strategy. Need gr infinite collections of variables that do interact with each other.

@ The element representing the 3 flow is Sar = —(20gr — Jar,qr + arB Apgr — aArB Jgr 2gr) € gT(\oo)
where Am = 3 Skez ak@—m—ks Jo.m = 3 Ckez, ptk @p k% p, —m—k- & PEING (POSSIDlY
rescaled) the Bosonic operators acting on the Fock space. In particular, 7 = —(2A + BAy)
Kazarian operator.

Remarks/considerations:
@ Infegrals of Q obeys KR

Q can be the CohFT of many enumerative problems in ENT.

Therefore Q can transfer its integrability through the spectral curve, depending on the spectral
curve involved.

Applications fo the infegrability of classes constructed via Q even without being involved in ENT.
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Corollary
Kazarian Theorem for r = g = 1. Witten Conjecture / Kontsevich Theorem forr = g = 1and u = 0.

Strategy of the proof:

@ The generating function HY"9 of spin-orbifold Hurwitz numbers satisfy KP
@ Insert Generdlised Zvonkine ELSV
. &+l (b+ a )b+d a

@ sof Tq,a(BiP) = 3 73 35, 7((—7’5) 9 Parbta-

@ rollow the same strategy. Need gr infinite collections of variables that do interact with each other.

@ The element representing the 3 flow is Sar = —(20gr — Jar,qr + arB Apgr — aArB Jgr 2gr) € gT(\oo)
where Am = 3 Skez ak@—m—ks Jo.m = 3 Ckez, ptk @p k% p, —m—k- & PEING (POSSIDlY
rescaled) the Bosonic operators acting on the Fock space. In particular, 7 = —(2A + BAy)
Kazarian operator.

Remarks/considerations:
@ Infegrals of Q obeys KR

Q can be the CohFT of many enumerative problems in ENT.

Therefore Q can transfer its integrability through the spectral curve, depending on the spectral
curve involved.

Applications fo the infegrability of classes constructed via Q even without being involved in ENT.

Still unclear for s not dividing r.
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Chiodo classes 2 lie at the foundations of many enumerative problems: we can now control their
integrability explicitly.
We hope this will confribute soon fo the understanding of the bigger picture.
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What about resurgence?

@ Wwe have many exciting work in progress, with Eynard, Garcia-Failde, Gregori, L., Ooms, Schiappa
(subsets of), from different perspective and using different methods, for certain classes of
enumerative problems.

@ Several results already proved

o Hopefully able to report on some of them in a few months, research agenda af least for over a
year.
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Thank you!

1. J. E. Andersen, G. Borot, S. Charbonnier, V. Delecroix, A. Giacchetto, D. Lewanski, and C. Wheeler.
Topological recursion for Masur-Veech volumes. arXiv:1905.10352.

2. D.Chen, M. Mdller, A. Sauvaget, with an appendix by G. Borot, A. Giacchetto, D. Lewanski.
Masur-Veech volumes and intersection theory: the principal strata of quadratic differentials.
arXiv:1912.02267.

3. A. Chiodo. Towards an enumerative geometry of the moduli space of twisted curves and r-th
roots. Compositio Mathematica 144(06).

4. A. Giacchetto, D. Lewanski, P Norbury. KP Hierarchy for Chiodo integrals. To appedar.
5. M. Kazarian, KP hierarchy for Hodge integrals. Advances in Mathematics 221 (2009) 1-21.

6. M. Kazarian, Recursion for Masur-Veech volumes of moduli spaces of quadratic differentials.
arXiv:1912.10422.

7. D. Lewanski, A. Popolitov, S. Shadrin, D. Zvonkine. Chiodo formulas for the r-th roots and topological
recursion Letters Mathematical Physics, 107(5), 901-919. 2015.

8. D.Yang, D. Zagier, Y. Zhang. Masur-Veech volumes of quadratic differentials and their asymptotics.
arXiv:2005.02275.



	Introduction
	

	Hurwitz theory
	

	Chiodo classes 
	

	Integrability for 
	

	Resurgence
	


