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The3dindexandthestateintegnd

3d 3d correspondence on one side gives

an N 2 superconformal field theory

on S D s v D xs 5 19 I e542
Tm 53 s

or on

Tusks on 54s Dix S u D x s e o 9 eazz

and more generally on

THE lens space
ye 5421

Here M triangulated 3 manifold

These theories are topological
and their

partition functions
can be computed by

cut and paste topology reducing
the computation

to the partition
function of an ideal

tetrahedron
The partition

function of An ideal tetrahedron

satisfies
a pair of linear g difference equations
a nonlinear pentagon identity

I es he



symmetries
that uniquely determines

them and the whole

theory

T 53 Andersen Kashan state

integral expressed conjecturally

bilinearly in terms of
functions of g and g

where q emit g e
hilt

TMC545 Daa index expressed

in terms of functions of q and a

Tullens space
is a state integral

defined using an Shaz extension of

the Faddeer quantum
dilogarithm aka

expressed bilinear ly in terms of the

same functions of q and g

q emit g
night



theDaasdindex

Biblock tetrahedron index
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Eliminate z using 2 I

Ai logat Bi logz min it in 12

Let A asl Ian B b l Ibn

So T us A Blu

Def Itt 5 52
computed via 3d 3d correspondence

a

topological theory

Def It In.nl q1 ESylk.n
n'llglkeZNSelk
n.n'llgl fq'a

V k In n'lygknlntn.kz

É Iola n n't bjk fin n'ltaj.be

lalThmCGHRSJulfT1 efficient lie has no nonperipheral

normal tori and no normal 52 then

I In n't tale 211911 is well defined

b It is a topological invariant of cusped

hyperbolicmanifolds

The Gk Alternative proof of topological

invariance using state integral
formula I



In particular Img10,01191 4 I In.nl g

t.IE
otainde caniect.ae

I 5 52 I Six D I't S xD

I y
H CAB Hyla It

Zx Z Zxr rxr rxZ

Hilal h al a t r nez

Ilored hole blocks

where Hal is a properly normalized

fundamental solution of
linear a difference

equation

Mt 414191 0 M LIHlgt 0

Myth g g hilly M hi q q h g

h't y h't.ca h h g't htt a

cos I ly isuniquely determined by
1 rxr matrix Inte q r

µ



e pairof linear q difference equs

grot a r I retChin allenn er 1

Regularity

I ninillal II B q t g B a xig

where BR x q are x deformed holeblocks

ÉÉfnt detects line operators
M S K O e NIT

L.CM

MIT YIFFgrangianstedgeeens.tt

Walt glc Éj 25,2 t i n N q Weylalgebra

I Z gÉ z t cyclic permutations

22 2 g



Del If D In Faiz
bi

IIdniillq1 Eznl0oSellk.ninillgl

oSlllgn.n q f q's
k In n ly gknktn.kzthethin

le

F1 Iola n n't bjktbj fin n't taj le a a

Note The insertion E of the ithedge act as

E o Se k n n't gs k ei n n

hence summing over ke2N it follows Ei g

annihilates Irf n n't q

Propertiessendentsd indexlanjectund

Factorization There exists A a
linear a difference

operator with hind matrix solution He Ca

II o Cal HeoldB H la it

There exists QT lateMr algin

I I oCr Q olal I Cr

C III lat is uniquely determinedby
I



Cal rxr matrices I q r and QeOla
vacuum

b Fair of linear q difference eons
A and At O

Del let DI't o Spang I ohn'tly
n n'ee

a fin dimensional Ola 4 vet space

Cd fence
DI
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DI

In other words the descendants of
the rotated

3 d index are expressed effectively by a finite

size matrix over Ola'll

Conjecture A o
Milia aimAt Mill



Exampled

4K EE

at a a

A 13 1 0 181

I In n'llat akin folkskilellatfllatkinen la nn'tla

ki keZ

FYII.it zek.lane can a ath cat

he arming g 1 nkgffhg.IT
h Cal similar a bit

more complicated

satisfy linear g difference een Inez 0 91

q2ta g't
2h
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Defects 0 1 Etf's elect

Computing thematrices Troth n q and I n n la

for n n gl we find out

froth n g 23 11
89 992 1893 4694 909 t É at 97 697 20971

q't tqt 97 695 2097 29 2927797 894 995.2794

and likewise

grownye z
3 159 2492159 6994 29 t 95 493 795 3497

g g t g't q 59kt
l 29 492993 1794139

t

satisfy

I Inn'lla 23 1 Ig q g
Troth n 7191123 01912

illustrating the dramatic
cancellation of the

sum of products of q series into a short net function

In particular

I ookql Ig q 2 Trottoolla qt Into 1 al p

This was repeated for52 knot r 3 3 tetrahedra

and even more impressively for the 1 213,7

pretzel knot Ir 6 3 tetrahedra



where grot a G has 20 digits integer

coefficient for the belt of 9160

and so did Intela 63 however their

ratio is a short rational function
with

coefficients integers between 5,5



Asymptotic

The story begins in 2011
on a train to Bonn

with Don Zagier after
a conference in the Diable rets

g g l i gÉ 1 a 292 293 29 abt
no

q gl 1 9111 94 17 q

Incidentally gig Iolo
d ly but I was

introduced

a few years later

Radialasymptotif q emit eel extenix

T t O vertically

get n If cos N sin N e E Et Htt

First the period v4 0.32 of the oscillation

was guessed then 697 was found by search in

files regardingthe volume conjecture
of the 4 knot

vol vol 4,1 2 Imhizle fl



Thus

gletil na fi Fania if ani l

where pch É o h

a cat fell fresh TEAM
satisfies

4 NN I En
4

n
Kashan invariant of 4

t o horizontally ocargic e fixed

Here I can it is exponentially biggerthanoffamie

but now g corrections are visible g e
hilt

and in fact

gletell n J F glee Il
of 2nitt

Actually this needs to be interpreted

ey via median Borel summation In this

case f ait heel tell also contributes and

then have identity

Contusion Radial asymptotics of q hypergeometric
series at g rootof unity depends on sectors



Fast forward to last year

ftp Ir tInnllg

the relation between the Car Id index

and the rotated 3d index

IIT o o q 1 49 92 3693 7094 10095 3496 116977

when g elt t so nearlyhorizentally
we found that

ITG olla've Iza
i Irfan

it YET lanier E r
lenient

Then we recognized the number 1333 appearing
in the asymptotic of the TV invariant TY mt

replacing mt z by T Then we checked 7

more coefficients

Del TV
my E k3 Jiggly11

q eldest
Chen Yang conjectured

that Tuk grows exponentially

capturing the
volume of a hyperbolic knot



Conjecture GW t o nearly horizontally

Infloidletti Ezio knit amie

TY E I
I In n't lettin To nie III l amie

where offense 0 ch

01 Chl it to n h

0 0 geometric representation

0 0 Complex conjugate

and Tonto h is a fundamental solution

to the A eqn annihilating
Trot a

I h can be computed
once I is known

by WKB

This conjectured was confirmed for 4 and 52

in GW



Verticalasymptotics

Conjecturelaw when t do vertically

grot n n l felt it n so I nie I I l 2min

where Eof
if Soco
otherwise

Note that after cancelling the
exponential

factors the constant terms of
the power series

are positive
numbers The asymptotic series

are Olt Poly perhaps a consequenceof

unitority

NY EIIII
o

I.MYalgin É Éz
i EppenittYET lanier E

lenient j
i x replace a by t int

Ky I t ki it t

where Ky 0.4458257949935614977

From previous experience we tried to recognize

this as an aly numberAnd
n but failed

Then Campbell suggested
to look for periods



of A poly curve

4 5 2
1
1 2x x2 elliptic curve

and much to our surprise

Ky DÉ
i

wa ftp ee

periodof second kind

likewise 924 0.10059754907380012789

was also recognized as

Uh 2n i.twty.l

i
Moreover next 10 coelt are On lin combs

of 4 and Di

This success was repeated for the 5 knot

whose A poly is the curve

y l yl l xy l E lake elliptic



PeriodiareMellinBurnesintegn

The GK

af in
tFdz 21ffy.t 5.60241216

where

Blay 11141 1 E II
is the Euler B function


