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Based on the spectacular success of the Khovanov
homology, that categorities the Jones polynomuial,

Jr(q) =Y (—=1)'¢’ dim Kh; j(K)
2,]
1t 1s natural to ask whether Witten-Reshetikhin-
Turaev (WR'T) mvariants of 3-manifolds admait a
similar categorification:

WRT(Ms; k) = » ... dim H(Ms)



One immediate obstacle 1s that the WR'T mvariants,
defined at roots of unity, do not come 1n the form ot
a polynomial / power serles in ¢ = exp(27i/k) with
integer coethicients, e.g.
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Possible ways around this challenge:

* Hoplological algebra M.Khovanov, Y.Qi, A.Beliakova, ..
 Higher representation theory R.Rouquier, A.Manion, ..

* Holomorphic g-series in |q|<1 this talk



Surprise: multple g-series
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First clues:

WRT (M3, k) = ZC?)NRT Zy(q)
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In the approach based on surgeries, one first needs to
construct ivariants for knot (or link) complements:

Fr(x,q) := beZb (SS\K)

beZ

Theorem [Lickorish, Wallace]:
EFvery connected oriented closed 3-manifold arises by

performing an integral Dehn surgery along a link in S®.




In the approach based on surgeries, one first needs to
construct ivariants for knot (or link) complements:

Fr(z,q) = bez) (SS\K)
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Surgery formula: 5.6. C.Manolescu
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For knot and link complements, a very eflicient
diagrammatic approach based on the R-matrix for
Verma modules and quantum groups at generic g was

proposed by S. Park (2020, 2021).

For example, using this approach and the GM surgery
formula one finds:

53_5(10145) b=2: g 4o (—1+2q+2q2+q3+...)
b=1: ¢ (-1-2¢*>—-2¢>—4¢*+...)
b=0: 2¢*+2¢"+2¢°+2¢° +4¢'° + ...
b= —1": q11/5(—1—2q2—2q3—4q4—|—...)
b=-2: q14/5(—1—|—2q—|—2q2—|—q3-|—...)



LARGE COLOR R-MATRIX FOR KNOT COMPLEMENTS AND
STRANGE IDENTITIES
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LARGE COLOR R-MATRIX FOR KNOT COMPLEMENTS AND
STRANGE IDENTITIES

o

N

-

(@\

> :

< generic |q|<1

W)

~  Verma modules
S (complex weights)
I

-

SE Baxterization?

5 quasiparticles?

le

SUNGHYUK PARK

J

Y

(i—k)j+ 525+

(i—k)+i+1

2



Journal of Knot Theory and Its Ramifications, Vol. 1 No. 2 (1992) 161-184

INVARIANTS OF COLORED LINKS

YASUHIRO AKUTSU

Department of Physics, Faculty of Science
Osaka University, Machikaneyama-cho 1-1, Toyonaka 560, Japan

TESTUO DEGUCHI

Department of Physics, Faculty of Science,
University of Tokyo, Hongo, Bunkyo-ku, Tokyo 113, Japan

TOMOTADA OHTSUKI
Department of Mathematics, Faculty of Science,
Unitversity of Tokyo, Hongo, Bunkyo-ku, Tokyo 118, Japan

Let us discuss connection of the new colored link invariants to the multivariable
Alexander polynomial. It was shown by J. Murakami [15] that a colored link invari-
ant which corresponds to ®(L, «) for the N=2 case is a version of the multivariable
Alexander polynomial (the Conway potential function). Therefore the new colored
link invariants ®(L, a) for N = 3,4, ..., are generalizations of the multivariable

Alexander polynomial.
z+3+z!

22 +3z+5+3x 1 4272

2 +322+6x+7+6x 1 +3x72 423
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COLORED ALEXANDER INVARIANTS
AND CONE-MANIFOLDS

JUN MURAKAMI

1. Introduction

New link invariants are introduced in [1] for colored links. They are defined for
each positive integer N and considered as a generalization of the multivariable Alexander
polynomial [12], which corresponds to the case N = 2. Here we redefine these in-
variants by using the universal R-matrix of U, (sh).

Let ¢ = exp(m+/—1/N) be a 2N-th root of unity. Let U4, (s/>) be the quantum en-
veloping algebra corresponding to the Lie algebra s/> defined by the following genera-

L(A=2i=2n)(u—2j+2n)tn(n—1)/2 {i +tnynf{n —j+n;nj

ij _
Ria = 4 (1)
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COLORED ALEXANDER INVARIANTS
AND CONE-MANIFOLDS

JUN MURAKAMI

1. Introduction

New link invariants are introduced in [1] for colored links. They are defined for
each positive integer N and considered as a generalization of the multivariable Alexander
polynomial [12], which corresponds to the case N = 2. Here we redefine these in-
variants by using the universal R-matrix of U, (s/).

Let ¢ = exp(m+/—1/N) be a 2N-th root of unity. Let U,(sl) be the quantum en-
veloping algebra corresponding to the Lie algebra s/» defined by the following genera-

1990-2020: connection to physics, QFT, ... ???



quantum groups non-semisumple
at generic ( logarithmic
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New explicit predictions for higher-rank

analogues of ADO / CGP mvanants
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q(5[2) KEK™ = ?E, KFK™' = ¢ %F
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g =er 2p-th root of unity
“restricted quantum group”

EP — (0 = FP | K% — 1

= dim U, (sly) = 2p°



Uq (5 [2) 2p-th root of unity

“restricted quantum group”
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Thm + Con: F.Costantino, S.6., P.Putrov
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 Fourler transtorm of a decorated TQFT

e r-wrapping of a graded TQFT
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Conj, then Thm: AP) ADO,(z) = 0
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Back in 1990s ...

27 log | Ju (K q = e*™/M)]
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Three-Dimensional Quantum Gravity, y

Chern-Simons Theory, and the A-Polynomial

Sergei Gukov
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A-polynomial = spectral curve (analogue of the Seiberg-
Witten curve for 3d /N = 2 theory)

leads to many generalizations ...

g=e" -1, n —% 0o, q”:@ (fixed)



Exact Results for Perturbative Chern-Simons Theory
with Complex Gauge Group
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o2 g5/2 752 gT2 4 T2y

Y2 2952 4 2575/2 _ 3272 4 3272 )
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m>A1
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singularities on the Borel plane: 3 = Sz — Sq

EQ{
SoZ (h) = Z2°(h) Z@@ Zb™ (h)
p

S.6., M.Marino, P.Putrov
J.Andersen, W.Mistegaard

Theorem: ng — o = irreducible
£ = abelian
Corollary:  Zcg(Ms) = ) ™" Z,(Ms)

a€abelian



pert r'esur'genc)e K )
Za (h) (Borel sum) Za,(q — € ) Zb(Q)
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6d theory

boundary condition (brane) 31
depends on Spin® structure
or cohomology class ®

Heegaard brane

2d sigma-model
with target
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