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During last year:



Based on the spectacular success of the Khovanov 
homology, that categorifies the Jones polynomial,

it is natural to ask whether Witten-Reshetikhin-
Turaev (WRT) invariants of 3-manifolds admit a 
similar categorification:



Possible ways around this challenge:
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R.Rouquier, A.Manion, …

this talk

One immediate obstacle is that the WRT invariants, 
defined at roots of unity, do not come in the form of 
a polynomial / power series in                          with 
integer coefficients, e.g.

• Hopfological algebra

• Higher representation theory

• Holomorphic q-series in |q|<1
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so that

Surprise: multiple q-series
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First clues:

characters of a log-VOA

Conj (“3d Modularity”):
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S-matrix of a non-semisimple (logarithmic) MTC



In the approach based on surgeries, one first needs to 
construct invariants for knot (or link) complements:

Every connected oriented closed 3-manifold arises by 
performing an integral Dehn surgery along a link in     .

0
0

0

Theorem [Lickorish, Wallace]:



In the approach based on surgeries, one first needs to 
construct invariants for knot (or link) complements:

Surgery formula: S.G., C.Manolescu



For knot and link complements, a very efficient 
diagrammatic approach based on the R-matrix for 
Verma modules and quantum groups at generic was 
proposed by S. Park (2020, 2021).

For example, using this approach and the GM surgery 
formula one finds:





x y

generic |q|<1

Verma modules
(complex weights)

Baxterization?
quasiparticles?







1990-2020: connection to physics, QFT, … ???



quantum groups 
at generic q

non-semisimple
logarithmic

New explicit predictions for higher-rank 
analogues of ADO / CGP invariants
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2p-th root of unity
“restricted quantum group”



2p-th root of unity
“restricted quantum group”



2p-th root of unity
“restricted quantum group”

SL(2,Z) S and T matrices of 
a log-VOA



(3p-1)-dimn’l 
SL(2,Z) rep semisimpl.root of 1

Triplet (1,p) 
model

WZW

(p-1)-dimn’l 
SL(2,Z) rep

B.Feigin, A.Gainutdinov, A.Semikhatov, I.Tipunin
T.Creutzig, A.Gainutdinov, I.Runkel

C.Negron
P.Etingof, V.Ostrik

M.Cheng, S.Chun, F.Ferrari, S.G., S.Harrison
T.Creutzig, T.Dimofte, N.Garner, N.Geer

B.Feigin, S.G., N.Reshetikhin
:      



Alexander

ADO polynomials

Thm + Conj:
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Non-Semisimple TQFT
CGP invariants

Thm + Conj:
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• Fourier transform of a decorated TQFT

• r-wrapping of a graded TQFT



ADO/CGP
invariantscobordism 

invariants
Turaev
torsion

Andersen-Kashaev
TQFT equivariant Verlinde 

formula

WRT



Conj, then Thm:
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follows from
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related to correction terms

new proofs of Donaldson’s diagonalization
theorem and the Thom Conjecture
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Back in 1990s … 



leads to many generalizations … 

A-polynomial spectral curve (analogue of the Seiberg-
Witten curve for 3d N = 2 theory)
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can be independently
computed from 3d N = 2 theory or open 

topological string (open BPS invariants)



Theorem:

Corollary:
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singularities on the Borel plane:



resurgence

(Borel sum)
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:      HF   (M )3 = K  (MTC[M ,G])3

0

= HP(M ) + (reducibles)3 ~   Sk(M )3

e.g.                              :
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6d theory

Heegaard brane

Heegaard brane

2d sigma-model 
with target

t

1

3d QFT

boundary condition (brane)
depends on Spin  structure
or cohomology class w

“       ”“       ”
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Conj:

cf.

Andersen-Kashaev
invariants

equivariant Verlinde 
formula

“                   ”
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