
Large charge asymptotic expansion 
for superconformal indices 

Work with Ji Hoon Lee



Giant graviton expansion
• Applies to superconformal indices of large N gauge theories


• Holographic interpretation. 


• Also applies to index-like generating functions 


• General combinatorial interpretation?


• Property of non-perturbative string theory?


• Categorification?



Basic statement I

• Formal power series, but may actually converge for |x|<1, |y|<1.


• Large N, finite n,m: coefficients stabilize:


• Corrections at order N. Focus on finite m, large n:
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Basic statement II

• N dependence only in overall exponential.


• Infinite series of corrections


• Coefficients determined from large N behaviour, but formula holds for all N


• Even N<0, gives 0


• Arbitrarily large charges, but requires high k
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Back to example
• 1/2 BPS operators/states for U(N) SYM 


• U(N)-invariant polynomials in adjoint X


• Traces           up to trace relations:     


•

TrXn
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Basic statement III
• Resum x —> 1/x to define map 


• Observations


• Example: 


• U(N) SYM: 


• Good large k limit                  , inversion formula


• M2 <——> M5
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Back to example II
• 1/2 BPS operators/states for U(N) SYM 


• U(N)-invariant polynomials in adjoint X


• Traces           up to trace relations:     


• Holography: finite n traces <—> gravitons in AdS5xS5


•  n~N  D-branes appear: giant gravitons


• k giant gravitons support U(k) SYM, with x <-> 1/x


• Finite N = Gravitons + analytic continuation of giant gravitons?

TrXn
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Back to example III

• Giant gravitons = determinants (det X)^k


• Fluctuations of giant gravitons: replace X’s with oder symbols (or 1)


• Emergent U(k) gauge theory


• We will count these, coincide with 


• Finite N = Gravitons + analytic continuation of giant gravitons?
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4d SUSY gauge theories

• No solitons: polynomials in BPS (derivatives of) fields


• E.g chiral multiplet:


•  Count individual “letters”: 


• Counts polynomials in the letters


• Project onto gauge invariant polynomials
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4d U(N) adjoint gauge theories

• Gauge-invariant operators built from adjoint “letters”


• Count letters


• Apply formula


• Large N at fixed charge: count single-trace operators i.e. cyclic words


•                                       exact for less than N+1 letters
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Near half-BPS expansion

• Analytic continuation 


• (True or fake) index of a “dual” U(k) gauge theory


• Explicit formula:


•  E.g. N=4 SYM  


• Extension to (anti)fundamental matter                            ,quivers, etc. 
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<latexit sha1_base64="ugs2PCfP7UQZCFPx+Dt29BZPYeI=">AAACLXicbZDLSgMxFIYz9VbrbdSlm2AR3LTMlIpuhKIuXFawF2jHIZNm2tDMhSRTWoZ5ITe+igguKuLW1zCdjqitBwJf/nN+kvM7IaNCGsZUy62srq1v5DcLW9s7u3v6/kFTBBHHpIEDFvC2gwRh1CcNSSUj7ZAT5DmMtJzh9azfGhEuaODfy0lILA/1fepSjKSSbP2mKynrEejaI3gJSzC7jh/irssRNisJTCE2S9+TyQ+Pk9Ro60WjbKQFl8HMoAiyqtv6S7cX4MgjvsQMCdExjVBaMeKSYkaSQjcSJER4iPqko9BHHhFWnG6bwBOl9KAbcHV8CVP1tyNGnhATz1GTHpIDsdibif/1OpF0L6yY+mEkiY/nD7kRgzKAs+hgj3KCJZsoQJhT9VeIB0iFI1XABRWCubjyMjQrZbNaPrurFmtXWRx5cASOwSkwwTmogVtQBw2AwSN4BlPwpj1pr9q79jEfzWmZ5xD8Ke3zCx4gpt4=</latexit>

f̃(x̃, y, z, p, q) = f(x̃, p, q, y, z)

<latexit sha1_base64="TuD14dvUx8Lbvdfaza1M0G5L7DY=">AAACGnicbZDLSsNAFIYnXmu9RV26GSxCC6EkUtGNUHTjsoK9QBvKZDJph04uzkzEGPocbnwVNy4UcSdufBsnbRa19cDAx/+fw5nzOxGjQprmj7a0vLK6tl7YKG5ube/s6nv7LRHGHJMmDlnIOw4ShNGANCWVjHQiTpDvMNJ2RleZ374nXNAwuJVJRGwfDQLqUYykkvq61ZOUuQR65RwejMR4NCLjrgIvZlWopMyq9PWSWTUnBRfByqEE8mr09a+eG+LYJ4HEDAnRtcxI2inikmJGxsVeLEiE8AgNSFdhgHwi7HRy2hgeK8WFXsjVCyScqLMTKfKFSHxHdfpIDsW8l4n/ed1Yeud2SoMoliTA00VezKAMYZYTdCknWLJEAcKcqr9CPEQcYanSLKoQrPmTF6F1UrVq1dObWql+mcdRAIfgCJSBBc5AHVyDBmgCDJ7AC3gD79qz9qp9aJ/T1iUtnzkAf0r7/gXuu55K</latexit>

1� f =
(1� x)(1� y)(1� z)

(1� p)(1� q)

<latexit sha1_base64="cF1/KHpjc6T6U3VJzWTW9JbUoJ8=">AAACD3icbVC7TsMwFHV4lvIKMLJYVKB2aJWgIliQKlgYi0QfUhtVjuu0Vh0n2A6iRPkDFn6FhQGEWFnZ+BucNgO0HMlXR+fcq+t73JBRqSzr21hYXFpeWc2t5dc3Nre2zZ3dpgwigUkDBywQbRdJwignDUUVI+1QEOS7jLTc0WXqt+6IkDTgN2ocEsdHA049ipHSUs88ssveedcTCMdFu3xf0mWclodSkgphym9LSc8sWBVrAjhP7IwUQIZ6z/zq9gMc+YQrzJCUHdsKlRMjoShmJMl3I0lChEdoQDqacuQT6cSTexJ4qJU+9AKhH1dwov6eiJEv5dh3daeP1FDOeqn4n9eJlHfmxJSHkSIcTxd5EYMqgGk4sE8FwYqNNUFYUP1XiIdIh6N0hHkdgj178jxpHlfsauXkulqoXWRx5MA+OABFYINTUANXoA4aAINH8AxewZvxZLwY78bHtHXByGb2wB8Ynz/su5jP</latexit>

1� f = (1� x)(1� h(y)) f = x+ h(y)� xh(y)

<latexit sha1_base64="2PV0R+Fd+1v5XwBVD+GY7CrKGwA=">AAACGHicbVDLSgMxFM3UV62vUZdugkVokdYZqeimUHTjsoJ9QDuUTJppQzOPJhnpMPQz3Pgrblwo4rY7/8ZMO4JWDyT3cO693HuPHTAqpGF8apmV1bX1jexmbmt7Z3dP3z9oCj/kmDSwz3zetpEgjHqkIalkpB1wglybkZY9uknyrQfCBfW9exkFxHLRwKMOxUgqqaefmSWnWjBLk6L6hoWoWITd8ThE/e/gVCeniV6awCT09LxRNuaAf4mZkjxIUe/ps27fx6FLPIkZEqJjGoG0YsQlxYxMc91QkADhERqQjqIecomw4vlhU3iiFLWCz9XzJJyrPzti5AoRubaqdJEciuVcIv6X64TSubJi6gWhJB5eDHJCBqUPE5dgn3KCJYsUQZhTtSvEQ8QRlsrLnDLBXD75L2mel81K+eKukq9dp3ZkwRE4BgVggktQA7egDhoAg0fwDF7Bm/akvWjv2seiNKOlPYfgF7TZF2q0nFE=</latexit>



Fermionization trick

• Add auxiliary (anti)fundamental fermions


• Open string insertions: X->Y  inserts


• Add antifields for fermions for Ward identities


• Determinant modifications “counted” by 

detX =

Z
d d�e X�

<latexit sha1_base64="wK0dcJeRIWIMYElQgczIyAOJoME=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyWRim6EohuXFWwbaGKZTG7aoZMHMxOhhP6DG3/FjQtF3Lpx5984TbvQ1gMD555zL3Pv8VPOpLKsb6O0tLyyulZer2xsbm3vmLt7bZlkgkKLJjwRjk8kcBZDSzHFwUkFkMjn0PGH1xO/8wBCsiS+U6MUvIj0YxYySpSWeuaJG4DCDr7ELosVDtxUMhxglw4Yhvu8KJ2iHPfMqlWzCuBFYs9IFc3Q7JlfbpDQLIJYUU6k7NpWqrycCMUoh3HFzSSkhA5JH7qaxiQC6eXFTWN8pJUAh4nQTy9WqL8nchJJOYp83RkRNZDz3kT8z+tmKrzwchanmYKYTj8KM45VgicB4YAJoIqPNCFUML0rpgMiCFU6xooOwZ4/eZG0T2t2vXZ2W682rmZxlNEBOkTHyEbnqIFuUBO1EEWP6Bm9ojfjyXgx3o2PaWvJmM3soz8wPn8AUpSclw==</latexit>

 Y �

<latexit sha1_base64="gRR5oWAHiPGK9Zr5cJomQL1LL+o=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7IckoWy2m3bpZjfsboQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KOVMG9f9dkpr6xubW+Xtys7u3v5B9fCoo2WmCG0TyaXqRVhTzgRtG2Y47aWK4iTitBuNb2d+94kqzaR4MJOUhgkeChYzgo2V/CDVDD2igIxYv1pz6+4caJV4BalBgVa/+hUMJMkSKgzhWGvfc1MT5lgZRjidVoJM0xSTMR5S31KBE6rDfH7yFJ1ZZYBiqWwJg+bq74kcJ1pPksh2JtiM9LI3E//z/MzE12HORJoZKshiUZxxZCSa/Y8GTFFi+MQSTBSztyIywgoTY1Oq2BC85ZdXSeei7jXql/eNWvOmiKMMJ3AK5+DBFTThDlrQBgISnuEV3hzjvDjvzseiteQUM8fwB87nD4CekME=</latexit>

Z̃k

<latexit sha1_base64="DWDE2ZdP9sZfOFMBtdhZ31LS+Lg=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cK9oO2oWw2k3bpZhN2J0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmiTTHBo8kYluB8yAFAoaKFBCO9XA4kBCKxjdzfzWE2gjEvWI4xT8mA2UiARnaKVOD4UMgXb6o3654lbdOegq8XJSITnq/fJXL0x4FoNCLpkxXc9N0Z8wjYJLmJZ6mYGU8REbQNdSxWIw/mR+8ZSeWSWkUaJtKaRz9ffEhMXGjOPAdsYMh2bZm4n/ed0Moxt/IlSaISi+WBRlkmJCZ+/TUGjgKMeWMK6FvZXyIdOMow2pZEPwll9eJc2LqndZvXq4rNRu8ziK5IScknPikWtSI/ekThqEE0WeySt5c4zz4rw7H4vWgpPPHJM/cD5/ACqskJg=</latexit>



Questions
• Categorification? 


• Determinant analysis works best in complex Q O’ = [X,O]


• General statement about Q-cohomology? 


• Is it combinatorial? 


• Multi-fugacity expansion? Wallcrossing? 


• Black holes?


