Quantizing curves from
Topological Recursion




Introduction:
quantizing curves

WKB and
topological recursion



WK/m

d
Schrodinger equation: <h2ﬁ — P(x h) t//(x h) =

Classical

curve
WKB Asymptotic expansion: logy(x) ~ Z R*S(x) formal € A~'C[[A]]
. e P(x) = P(x,0)
4+ Leadingterm: S_;= " yvdx dS_((x)/dx =y solution of y2 — P(x) =
* dS_i(x) = ydx ,
4+ subleading terms: k£ > (
dS,(x) = meromorphic 1-form on the Riemann surface 2 of equation
dS,(x) has poles at ramification points baxs o
4 Constraint: toeachorderin 7 w(x) must be analytic at ramification points
Res, w, (0w_(x)dx =0 in C[[A]] w.(x) = y = x4/P(x)
Hirota
+ Question: Can we recover all the coefficients, i.e. the differentials ~ dS,(x)
from the geometry of the classical curve ?
4 )
How do we quantize a classical curve ? P(x,y) =0 . d N 1
i P(x,9, ).y =0 g

—



Quantum curve : wrong way

C Start from a classical curve  P(x,y) =0 )

X

4+ Define S_; =J ydx ie. dS_;=ydx

*k

4+ Choose (arbitrarily) meromorphic differentials dS, with poles at ramification points
+ Define  logy(x) ~ Y AS(x) i a~lC[[A]]
k=—1
A 1, d?
+ Define P(x,h)=wh 2V in C[[7]]

a .
4+ Then: (hzd_ — P(x, h)) wx,h) =20

x2




Quantum curve from
topological recursion

C Start from a classical plane curve  P(x,y) =0 Riemann surface X )

X

+ Define S_|= J ydx .e. dS_=ydx =w,; =Liouvile 1-form on lyéx 3 e THCP!

*k

4+ Topological Recursion —> family of meromorphic multi-differentials @, C></
with poles at ramification points

n

. 1 X X X 1 X X X
4+ Define Sk(.X')= Z g'[ J O)g,n ex: Sl:J w1,1+gJ J [

2g—2+n=k ~ °F * *

X

>
»

@ 3

* * *

+ Define 50 (x) ~ Z nkS(x) € A~ 'Cl[A]] +TR .non — pert

€ transseries C[[[n]]] )
k=—1

1
S e’

R d
+ Then look for a polynomial differential operator:  P(x, i—, h) w(x,h)=0
X

dS;, is not a meromorphic 1-form except in some good cases X~ genusO

YES

= Conjecture... ?



Known cases

h2g—2+n

Conjecture: logy(x) ~ 2 ' " [a)g,n +T.R. non — pert € transseries C[[[]]] > e
n!

g.n
+ [Borot-E 2012]  Hirota satisfied to O(f#*) for all compact plane curves

4 True for Random matrix models

T 2 _ h2_ . — 0 ( )=A°(h—2/3 )
4+ Airy: y-=—x=0 x|y = w(x l X
[Bergere-E 2008, + others later...]

4+ /Bouchard-E 2016] Admissible spectral curves 0 = P(x,y) = Z P; jxiyj N=Nev]\_/;con’s polytope C Z?

N with empty interior —> genus=0 i,jeN
[Bouchard-ChiDamBaram-Dauphinee 2018]

4+ [Bergere-Borot-Eynard,Marchal,Belliard]

Topological type integrable systems

+ [E 2017] Geometry and cycles
+ [lwaki, Marchal, Saenz] Approach from integrable systems

+ [Marchal, Orantin 19,19]  Approach from integrable systems  Hyperelliptical curves y? = P(x)

4 [E-Garcia-Failde 19] Mixture of all
4 [Dumitrescu-Mulase 2012+]
4+ [Dijkgraaf-Fuji-Manabe, Borot-E]  [Borot-Brini]

[Mulase-Sulkowski] [Brini-E-Marifio] 4+ Many other case by case



Topological Recursion
and
spectral curves



Spectral curves

T.R.
Spectral curve S q Invariants @, ,(S) g.n=0,.. 00
4 )
Def: Spectralcurve & = [(X, 7,71, B)]
+ X =smoothsurface 7:%¥ — X,=CP! Ramified cover of a base X, = Riemann Surface
(not ';%Crejjiggcfgg pact Ramification points (simple) a € R
local involution 7(0,(2)) = 7(2)
n*%, — Complex structure on X
4+ 1 = Meromorphic 1-formon X
+ B = Symmetric meromorphic 1 ® 1 formon XXX B € H(E X %, Ky X Ky(2 diagy,)™~"™);
4+ Morphism (X, p*x, p*n, p*B) — (T, w,n, B) p € CXQE,Y)
Spectral curve & =[(Z, 7,n,B)] mod isomorphisms S = {Spectral curves}
- J
4 )
. Def: Rescaling Spectral curve A& = [(Z, z, Ay, B)] A€ C* )
. . )
[ Def: m' - S Fiber = meromorphic 1—for£:ns M!($) oo dimensional vector space
on
\_ J




Topological Recursion
Spectral curve & = [(Z, 7, 17, B)] l}

Invariants @, ()
4 )
Def: Topological Recursion
1 rz
2 0,(2) a)o,z(Zl, )
600,1(05)) =7 0)0,2(09) =B K (z,2) = ”
@y 1(2) — 0510 1(2)
20 —24+n>0 ,n>1
a)g,n(cs); Z]a 0 0 0Q) Zn) — Z Res Ka(Zla Z) [a)g—l,n+1(cs); <, O-a(Z)a Z29 se0y Zn)
acR * ¢ no (0,1)
+ 2 By, 1411, (% 1)@, 1411, (0,(2), 12)]
81+8:=¢. huh={z,,....7,}
\_ J

w, (S8) € HZ", KS'(*R)®r)

Operator notation:

W, o(S) = F(S) € C

K:M(S$ @ M(S) - M(S)

W R d - Z Res K (21, 2) w(z) @(0,(2))

7—a
a€eR

Wy o (S3215 05 2,) = K(@g_y py1) +

no (0,1)

2

K (a)g1,1+|11|( " 11) ® 0)g2,1_|_|]2|( ., 12)>
e




= V4
Painleve 1 &
ftime t=—3u§ \ . 3 #—; =~
==L Bl z) = (21 — 20)? dz; ® dz, yTE XTI 2
S x = 7n(z) =z* = 2u,
y =2 —3uyz ydx =1(z) = (Z3 — 3u0z) 2zdz

\_

62—2g—n 5-5g—2n

sz

Do (215 -002,) =
n=0: F,=w,,=
2nd derivative u, =

& d?

0
u=uo+—+2h2g

Associated ODE w(x) ~ e

(

£(0)-

u

v
Uy 3g—3+n—3.d > i
Z (Bg-3+n-3,d) <TZ CRYS I1 2412

> ey,
h du
2 dt
h? d*u
(X + 2u)(x — I/t) + Tﬁ

e Q

Kontsevich-Witten Intersection numbers

noudi2d + ! dz

i=1 <

6228 < 3 5-5 6>—28
Bg-3! \2 /, Gg—3! \2 [, =Hmh=g5
2—2g 37 3g-3
=0T G590 - 595 (5 )g
h* d?
¢  Satisfies Painlevé 1 équation 7ﬁu+3u —t

[Bergére-Borot- Xnard Marchal,Belliard] [E book 2016]
Y S e

\
AT (v d (v 0o 1\ (Vv
~ A— ()= ~
_hdu | \y dt \¥ x+2u 0) \y

2dt)




Painleve 1

[

_ 2
time = — 3u,
>=C
S, x = z° — 2u,

\_

B(zy,25) =

Classical curve  y° =x>+1x+ 2@

Classical
curve

1

(21 — Z2)2

dz; @ dz,

J

20-24n
728
fa)g’n

Associated ODE y(x) ~ ¢ Zg,nn—zf

d (v w ( > x—u
2 d
\(x+2u)(x— u) + T -y t u

« Quantum curve »
det(y — D(x)) = y2 — X3 —tx— 2u3 -V

],__m

Val V = 0(h?) € n2C[[A]]
4 Theorem: Loop equation A

TR — a)lz(x) + w,(x, x) = ( x5+ tx + 2u3 + V) .dx? w, = Z h2g—2+na)gn

~ ZdF — ) ng 8
[E-Garcia-Failde 19] V= h*— = Z hé——
dt dt
\_ g=1 J
M fact: V=V Quantum curve polynomial = loop equation polynomial J

T




Loop equations

(here: hyperelliptical curve version) y2

= P(x)

ﬁmeorem . [CEO 2005, EO 2007] TR —>

: 2
P, (X2, ..., 2,)dx" :=

k has no pole at ramification points

g 1n+2(Z,Z,Zl,. ,Z)+ Z Z

h+h'=g [+1'={z,,...

~

a)h,1+|1| (@ Dy, 14112, 1)

x = 7(2), X; = ﬂ(Zy

ﬁorollary: (here: hyperelliptical curve version) "

Pg,n(X; Lo voes Zn) — Pg,n(X; <1 ""Z”) - Z

j=1

d a)g,n(za Z]a 2]'9 oo

° Zn) _ a)g,n(zla °oag

Z,)

dx

kHas no pole at ramification points , and no pole at coinciding points

X—Xj

~

J

Its only poles can come from @, 1 = ydx

ﬁo,()(x) = )’2 = P(x)

. . B . .
P, (x52y,..,2,) = Z xX* P2y, .002,) = 2yw, 41(2, 2y, - -5 Z,) + analytic at oo

k

Pg,n;k(zl’ ’Zl’l) = 2 Res X_k_l\/P(X) a)g’,,H_l(Z, <1 ’Zl’l)

Theorem [EO2007]: P

—k/2

, = Resx ™" “ydx ot,

— @, (215 -5 Zy) = P Res x

ki2

60g,n+1(z’ SERE

s Zp)




Loop equations

2
(here: hyperelliptical curve version) Y = P(x)

Theorem : \

D . 2 . /
Pg,n(x, Zl, coen Zn)d.x . g 1 n+2(Z, Z, Zl, . ,Z ) + Z Z a)h,1+|1|(z’ I)a)h/,l_l_lI/l(Z,I)
h+h'=g I+I'={z,,...
i d Dg,(2,21,% -5 Zy) — Dy (21, ""Zn) %\O
- X — X ’Z’ =
IS given by o
P, (x; = L(x, 1) o, ) LD = Dt~ 7
g,n(x, Zl, oo Zn) _— x, a)g’n Zl, R Zn ? k‘l‘l al_
Jik /
k t, = Res x *ydx x = 7(2), x; = 7(z) Ve J
[E-GF 2019] Integrate <y, ...5 3,
[O-M 2019] 3 X X x X X X
Fg’”(x’ X) = J~ Tt [~ a)g’n Fé,n(za X, )’E) — [ T J a)g,n+1(Za . ) Fg’n(z’ Z/; X-’ x) — [ te [ a)g,n+2(z, Z,a . )
J e [ i)g,n(-x; SEREEY Zn) — L(X’ t) Fg,n('x’ 56) See backup divisors
X X F/ (Z,x,fC)—F/ (Z,
D 7 ~\ T/ ~ 8N g.n
J J P, (X200 2) = Fy_y10(2,2, %, %) + Z homa1 (@ X OFy 012, X, %) —nz a; ——
X X h+h'=g m+m’ —n J /
pe— [Bergére-E 2008
: ergere- ,
Multiply by ~ and sum over g2, n Bouchard E 2016]
2 dy(x,D)ldx — dy(x, )ldx [E-GF 2019, O-M 2019]

_> linear PDE hZEW(x, X)+nh - = P()w(x,X) + hL(x, 1) . y(x, X) —

X—X



Loop equations process

(here: hyperelliptical curve version) y = P(x)

Theorem: n=0 \
Pg,()(x)d-xz = a)g—l,2(Z9 z) + Z a)h,l(z)a)h’,l(z)
h+h'=g

is a polynomial

o

RANY

Poo) = ) x*Peos (= L(xDF)
k

et P(x) = P) + 3 123P,o(x) = P(x) + O
g=1

Gocess . start from a polynomial P(x) ——s=— define a new polynomial ﬁ(x) = P(x) + O(flz)\

Beyond hyperelliptical generalisation :

start from a classical curve P(x,y) —s=— define a new curve P(x,y) = P(x,y) + O(#?, interior)

»



Fixed point

Ilterate -,
S Px,y) =0 == §: Px,y) = ) h%P(x,y)
§=0
Fixed point: (if it exists)
=8 P=pr

Remark:

this is necessarily the case if no interior points [Bouchard-E 2016] Admissible spectral curves
Remark:

For all matrix models 3 a deformation C§> = & + O([[[A]]]) which is a fixed point g> — cg’

Does a fixed point always exist ?




Deformations
and cycles

[E 2017]



Example KdV

« Generalized cycle » )t (&) Painlevé 1: £, #0
[ Example KdV & | o | A
>=C a@=72 n@=2"(1+= Z 2% | dz B(z,7) = —dz ® dz’
2 = (z=2)
N\ _ J
4 )
Def: ‘@oo,k k Z 1
1 /
Boo i € M(S)*  definedby < BV >=— Res 2u(z) Vv € ML(S)
k 7o « Generalized cycle »
1 /
< B »B>=— Res 7*B(z,7) = — 7 ldz = < B ;. B> € M!(S) B oo i € M(S)
9 k 77— J
4 )
Def: of thecycle o/, k>0
1 sk : o - '—k /
’Qfoo,k = mt ((S) defined by < 'Qfoo,k’ V> 271-1 ZR_?OSO < U(Z) « Generalized CyC|e o
<9y, B>=2mi Res 7 *B(z,7) =0 <AypuB>=0EM(S) = doy € M(S)

N\ 7o Y,
4 )
Def: Generalized cycles M,(S) ={y e M(S* | <y,B>€ M(S))} [Eynard 2017]

Symplectic space yny i=— <[ J B—J' J B> pairing = « integration » " ®:.=<Yyw>
\_ 2ni vy vy 4 )

A ok N By = 0 e



Example KdV

( Example KdV § 1 B
=C 7@ =z> 1@ =0y, = (1 + — Z tk22k> dz B(z,7) = — dz ® d7’
N 2 il y
4 )
1 9 2k+2
Remark: 7 = gy o =g 1(z) = z27"dz = b = Wo 2
L J g 00, 2k43 Iy B so,2k43 B oo, 2k43
T 2d, + 1! dz
e 2kt (2d,
a)g,n(zl, s Zn) — (_ l)n 22 2g—n Z <€2 2 (2k+D!! tk7k+1Td1 . .Tdn> H 2d+2 -
dy,...d, 8 =1 <
? (z ) = Res 22w, . ( ) = @Dy p1( )
e Wo L1505 3p) = 2k + 3 < Do n+1\815 =+ 5Ly X)) = g n+1\815 o5 Ly -
k Z—>OO ‘%oo,2k+3
\_ J
] )
Theorem : Deformations [EO 2007]
=) o=
=—| 7 - W Do n+1
Y g.n g1
271 L dt ,
N\ J




Deformations:

Deformations

Tangent Space

TS <

» Space of cycles M (S)

[ Def :

map: cycles -> deformations 0: M (S) = 1S

Theorem : surjective ]

[Eynard 2017]
0},0)&” —_ a)g,l’l+1 }/ gn((‘s) Zl Zn) — J/ a)g,n+1(cs); Z], ey Zn, Z/)
y ey
4 ; )
Def: Finite deformation (follow tangent field): e
tm
et@yé’: C5)+t}/ a)g,n(c5)+t}/;zl,...,zn)= Z—'[ J a)g,n+m(C‘S);Z1,...,Zn,Zi,...,Z;n)
m T Jziey Zn€Y
m
F (S +1y) = 0,8 +1y) = Z ﬁ[ [ Do (325 -5 Zpy)
m O V€r Zn€Y
N\ _J
( Z 728— 2+nf fza) \
Remark: ($8:2) = e S Fr i Ten = chain * - z
Y Z(h-18) YD )
dyp = [z] = [*]
1oy _ , X AETE(S) ($:x) = Z(h7 'S +vp)
Z(h™18) = e % W ZS) YD
N\ _J
Def : Insertion operator  Special choice of « cycle »: y =€V,
AZ — aeVZ Aa) gn+1 Z gn(CS) Zl, oo wg,n+1((§)3Z1, ey Zn’ Z)
Remark: o = J A —

Y



Loop equations

Start with an algebraic spectral curve & : P(x,y) =0

 Case hyperelliptic curve: 2 preimages of x = {z,(x),z_(x)}

g
PooX) =, 15(z,,2.) + Z 0y 20y 1(22) = Ay (9Ar ol g1 + 2 A wFrBe wlg-n
h=0 h=0

 General case,rankr: r preimages of x ={z;(x),...,z2(x)}

Poo = D, Ay oFer+ Z AL oFnB oo gn

1<i<j<r h=0
P(x,y) = H(y A Z(W™'S) Zh'S) = e TS
Z(fz ls) - ‘i — ¢
8 Theorem (Loop equations): R
TR —> P(X ¥) is meromorphic on the base, and has no pole at ramification points
h*2F (S
P(x y) — (y AZ (x))(y AZ (x)) (y Azr(x)) € Z ( :
Process: &' : P(X,y) ===l § : P(x,y)= P(x,y)+ interior points € C[[#A]]
. §=8+hT =ehrs I € H\(S, Ol[Al] —




Summing over the lattice

Start with an algebraic spectral curve & : P(x,y) =0

P(S;x,y)=0

ﬂefine: THhLS) = Z Z(h~ 'S +p) € C[[[A]]]

TR non perturbative
formal trans-series
[E, E-Maririo 2008]

See theta

yeEH,(2,Z2)
p(h'8.D)i=——— Y ZhT'S+yp+7)
7 (h™S) yeH,(Z,Z)
P(Sx,y) = P(S +y; x, = P(x,y) + O([[[~ interi '
(85 x,y) TH1S) Z ( Vi X, Y) (x,y) (LL[~A]1]) interior points
yeH,(Z,2)
K P(S;x,y) = P(S +T5x,y) ' e H|(S,C)/H\(S, 2)[[[A]]] J
lterate § m—fp- O = $ 4T FreZ/H(S,2) ¥ C H(S,C)
Fixed point: & = & + O([[[A]]]) exists because </ H(S8,Z) is compact
3) — cg) ﬁ == @ 1& = 0
2
Then follow the same steps hzd—y/(D) + h Z ady(D)]dx, + ady(D)/dx; = @(xl)y/(D)
dx? x| — X

k#i

—> linear ODE for
[E 2017]

w(D) =y 'S +1,D)  —> quantum curve



Conclusion and prospects



Conclusion

J A
f Summary : 5 R
e Classicalcurve & P(x,y) =0 il o o
728—2+n 3o o
e B0 L, ()
e TR a)g,n(osj) Wpert(h 1057, D) =€ Zg’” ' . 2 —o—o
i (h~'8; D) = ('S +T+y,D) 't
trans-series  ¥hon—pert ) Woert 7> 0 1 2
vEH,(2,2) interior
* Satisfies a quantum curve  P(x, id/dx) .y =0 whose symbol P(x,y) = P(x,y) + O([[[A]]])
where IA’(x, y) s a fixed point of the loop-equations process
- It automatically satisfies L(x,y,1).yw =0 (derivatives wrt times) y
4 , )
Conclusion: Non-perturbative TR quantizes the curve [Eynard arxiv 1706.04938]
e All this easier to understand in the space of generalized cycles —> Do geometry !l
S —> Do generalized cycles
f Further Prospects h

e Resummation of transseries, resurgence

e Wall crossing and Stokes phenomenon, Stokes coefficients

e Non algebraic cases: Example: P(e*,e’) =0 P not polynomial

H($,C)/ H(S,Z) non compact
N\ _J




Thank you for your attention



Back-up



Wave function and divisors

I/ depends on a starting point of integration *
#28—2+n

() = ¢ Zea T f B

728—2+n

X X
Zg,n . Lo,

w(x,X) =e

f Def : Integratlng with a divisor

D = Za[x] ngD Za =0 [D = ;(XiLf = [ where 0}/1) =D

YD

2g_ 2g—2+4n
K W(D) =€ Z S ID A @ abuse of language w(yp) = e Zg,n o JJ/D“'IYD%)

Usual: D = [x] — [oo] w(D) = w(x)

Back »



Gaussian Matrix model

4+ Example: Gaussian measure ¢ 2 "M dM on Hy N=n!
w(x) := E(det(x — M))

w(x) = HN(h—1/2x) = Hermite polynomial [Heine, Jacobi] [Mehta, Dyson, Wick, Tutte...]

Satisfies a linear ODE
) 42 . Classical
hﬁ—xh—+l w =0 y —xy+1=0 curve ﬁ
« Resolvent »
x — M

4+ Loop equations : w(x) ;= [E
d Jx « cumulant »
A . X1 2) A
Wy(x, x,) :=E <Tr M Tr . M) @5(X1, X)) 1= WH(x, X)) — (X)) ®(X,)
Theorem (loop equation) :  w,(x,x) + a)l(x)2 — xw{(x) = — dx?
4+ Asymptotic expansions:  ®;(x) ~ Z N 1_2ga)g’1(x) Wy = ydx vy —xy+1=0
Theorem (TR): ®,, =T1.R. DXy ooy X)) ~ Z N*~ g_na)g,n(xl’ ces Xp)
§=0

4 The conjecture :

x | dx * dx o dx
_ Trlog(x—M)\ — Trfi =27 _ 1 2 n
w(x) = E(e )y =E(e ) [E< E 'J Tr — J Tr — { Tr )

~nJ. X —M

1 X X . . )
2 ~ ~ 1 g—2+n
= z'—' | WE LR etk ke 3 S ey,
n e s * Back »




Matrix models

measure ¢ NTtVIM) rg

1 (* dx, [* dx, *
— | Tr— Tr — | Tr
n'), x—-MJ). iH-M |J.

Random matrix of size N = /!

w(x) := E(det(x — M)) e~V

p() = BT = T — <Z

1 (* SR i
:2;[ [ W (%,....%) =eanI*...I*a)n D
n . %k %k

n

Resolvent o, (x) = E(Tr(x — M) Hdx

r28—2+n

= e “~gn 1!

o, (x) = ) W%, (x)

8

@y(x1,%,) = (Tr(x1 — M) Tr(x, — M)_l)c dxdx,
=E (Tr(xl — M) Tr(x, — M)_l) dxdx, — w(x))®{(x,)

@5(X1, Xy) = 2 h*s W, (X1, X;) +non —pert

8

Spectral curve @, — EV’(x)dx = ydx

i Jiog,

+non — pert (e

y?>=P(x) = polynomial
P(x) € Cl[[7]]]

Loop equations (w,(x) — EV’(x)al x)% + w,(x, x) = P(x)dx* = polynomial

2

d
Linear ODE for w(x) : | hA*— —
dx?

Fact : in all random matrix models:

ﬁ(x)> wx) =0

P(x) = P(x)

= P+ Ol[[[n]]]

P(x) e C[[[A]1]

Back

—A/ h)

»



Cycles
generalized cycles



Cycles

Poincaré duality y = cycle | <v.w>= J o L e QI(Z)*
@ = holomorphic 1-form y
Integrate B:  <y,B>=Q, Q(z) = [ B(z,7) e Q) c M($)
7'ey
Generalizeto y € MI(S)* <y,B>=Q, =1-form
4 )
Def: Generalized cycles M (S) := {y € M(S)* | Q, e M(S))} C M (S$)*
g J
f » 1 )
Map B: M (S) = M (S)
y|—>Qy=<y,B>=[ B
\_ 4 J
Exact sequence 0 — KerB — N,(S) — M($) - 0
4 )
- O 1
Def: Symplectic structure: Y1 Ny, = Py <J Q)’z — J Qh)
Y )
9 Remark: if 7112 € Hi(Z, C) Y1 N Y2 = usual intersection D
Ker B is Lagrangian IM(S) ~ M (S)/Ker B —



Tangent space and cycles

Tangentspace TsS = 9IRi($) @ MUS) Sgl M (S)
Map B:M,(S) = M(S)

" Def: from cycles to tangent vectors A
sym
0: M S)DM(S) @ M(S) = TS A
y ayn=Qy=B(y)=JB
Y
0},3 — J 0)0,3
Y
: 9 o n=0
5(}’1 Rr+rn®r)rH nen'l =
1
a7/1®7/2B = 5 <Q71 ® Q}’z + Q)’z ® Qh)
I\ J
4 )
Theorem: 0,0, , = | ®g,4
Ty
a}’1®}’2wgsn = [ (a)g—l,n+2 T Z a)g1,1+|11|( "o Il)a)gz,1+|12|( "o I2)>
g “r1 "N g1+8=g, LUL={z2,,...,2,}

—



Insertion operator



Hirota derivative
Insertion operator

Tangentspace T.S = IMU(S) @ M(S) ® MI(S) Map B :9%,(S) — M(S)

;€Y choose alocal coordinate ((2)

~

1
Def: of thecycle & 7€ X definedby < A, ,w > = —w(z')
d 21 Y : 2o L) — L)

A, = 0@&1 ® d{(z) =ev, (independent of a choice of local coordinate ((z) )

1-form valued tangent vector

A e H'(Z Ks Q@ T,S)
_

[ Theorem: A, gn(zl, e Zy) = a)g,nH(Zl, ceesZyy 2) Aa)g,n = Wy 41

(Trivial corollary of the previous)



Examples, Hirota derivative

Example & i
>=C 7(2) =2 n) = 1 —— Z 2% | dz B(z;,2) = ~dz; ® dz,
k ) (21 — )
n
o 1 (2d, + D! dz,
a)g,n(Z17 cees Zn) — (_ l)n 22 28 n Z <62 zk (2k+1)' !tka‘Hle . .Tdn> H 2d1+2 l
d,....d, 5 =1 g
Remark: 1, = — [
emar = — 7 — =
. B
2Tl A s tk 2k+3
Insertion operator: Forlarge 2z do Taylor expansion choose local coordinate ((z) = 2
o0 'k o0
kdz
S S
— k+1 £ k+1  Fook
z—2 k=0 < k=0 <
— dz
A = Z 2k + 1) + even = usual form of Hirota operator for KdV or KP
< 22k+2 tk i
k=1

»



Quantum Airy structures

[Kontsevich-Soibelman 2017]



Quantum Airy structure

[ Def: Partition function Z(h_l S,7)=e Z(g,n#(o,o)ﬁfy---fy g n(S) ]
4 Def: Tensors A,B,C,D V = OCZ C ml(os)) Flat Lagrangian of ml —> S ‘/>X< ~ ml(é))\
" ; ; v &y
Cr,w,0) = | Kw,o') B(y.y', o) = [ K(B(y"), w) = C(y, B(y'), w)
Ty Y
L IO Y )
4 )
Theorem: L =HhA —h (a)l +PK.AQ® A) = quadratic differential operator
(L(z) = Q,(2)) . Z(h™'$,y) =0
yev L,=ho,—nh ([ w1+ hz[ K.A® A) = quadratic differential operator
v v
—1 .
(Ly,—[ Qy>.Z(h §,y)=0
v
\_ J




Quantum Airy structure

In a basis
2¢—2+n
Def: Partition function Z(h1S,y) = e X em00) Ty ey @g(S)
728—2+n F .
In a « basis » of cycles: y = ZXka Z(fl_lo?, y) == eZ@’")#O’O) A Ly i i gl o]
k
. . 0
where  F, i, ..., 0] = J J We y = dyil...a},ing we « almost » have 0, ~ —
Viy Yiy dx
Def: Tensors A,B,C,D
Aliy, iy, i3] = A(Vil’}’iza 7’1‘3) = J J J Wy 3 = FO,3[i1’ iy, 3] D[k] := D(y,) = J' w1 = F1,1[k]
Yip “7ip ©Vig Yk

L, = L}/k = hai —h <D[k] 4 h2J K.A® A> = quadratic differential operator
Xk y'

Kontsevich Soibelman [2017]
(

0 1 .. ., O ..., 0 0 \
L, =h— — h | D[k] + 5 ZA[k, l,]]xl-xj + 2BJk, l,]]xiha— + Clk, i, jlh—n

ox - X ox:
k \ ij 'j I

OX;
7 )



Higher ramification order

Spectral curve order z(a) =r, > 2 7(z) = n(a) + 7'« p = el
4 )
Def: Topological Recursion . IZ @0 (21, )
a 0,
Wy () =7 wy(S5) =B KOG, 8 n G =

k
2¢—24+n>0 ,n>1 szza)O,l(Cl) — wy 1(&))

W (55245 - ,z)—ZZ Z ResKé")(zl,z,p“1Z--.,p"k-lz)[ Z 2

aER k=2 6C;_{1,...r,=1} < puoU{0} LUk, .Ul =12, ,2,)

no (0,1)

A
2 [ Lo 19 ]

g1+...+8,=8—k+¢ i=1

\_ _J
d k 1 k 1 A
Operator notation: K® : MI($)®* > MI(S)
r no (0,1) 4
— (k)
a)g’” - Z K [ Z Z Z Z Ha)gi’ll"il'*'llil(ﬂi’ Il)
% k=2 oCi{Ll,....r,=1}  poU{0} LUL.. UL, y={2p,.. .2} g+...+g,=g—k+¢ =1 . -




Higher Quantum Airy structure

Spectral curve ordern(a) =r, > 2 7(2) = n(a) + 7' p = 27l
4 )
Theorem:
r
L=nhnA- ha)o,l —n z n* K(k)(Ak) r-th order differential operator
k=2
(L(z) — Q). Z(h™'S,y) =0 annihilates the partition function
. J




Virasoro W-algebra



Virasoro and W constraints

r Def: Y8 algebra generators: A
If X is adegree r cover of X X € 2 #n\(x) =7
W) ==z Y []A. Wi (x) := 1 W(x)=0 if k>r
Ickﬂ_l(x) z€l
r
0 k k _ 1 k., 7k
W, € HO(Zg, KE (X T5S) W, y) = ) (=D W) ye T,
k=0
k-th order form valued k-th order differential operator
N J
Examples: 2, (x) = 2 T, 23,(x) = Z mAAL e
zex 1(x) 7#7'en(x)
Examples: Qﬁl(x) , a)g’n(zl, e, Zn) = Z a)g,n+1(z, ATREET Zn)
zex (%)
%32()(:) . a)g’n(zl, cees Zn) = Z a)g,n+2(z’ ZI, Zl’ oo Zn)
#7en (%)
- . . . h
Theorem: Loop equations = Virasoro W-algebra constraints
©  220-2 :
Px:21, o en2) = B(0) . A, . A e Zeo™ TS has no poles at. branchpoints
\_ = analytic at x = z(a) -




Virasoro and W constraints

W)=z » []A. Wix,y) = Y (= DFy 8, () y € TFE,
Ic,n ' (x) zel =0
Po= ][] @@-*9e) P'€ HYZ, ki)

Zen \(n(2)\z

g Theorem: Loop equations , Virasoro, W constraints
P(x; 245 ..., 2,) = (%) . Azl’ , 'Azne z;o:o ETEF(S) has no poles at branchpoints
= analytic at x = z(a)
P(z325 -5 2,) = % B3(x,y) . AZI. : .AZne L gmo M FS)
9 isa 1-formof z analytic at ramification points *¥=2(2).y=n(2)




Virasoro and W constraints
W)=z Y []A.

ICkJZ'_l(X) ZEI

[ @@ -*nc)

Zern N (7(2)\z

W, y) = Y (= DFy" 2B, (x)

k=0
P e H'(Z, K

y € T,

P'(z) =

-~

Theorem: Loop equations , Virasoro, W constraints

H82F (S)

Pu(x; 245 ...,2,) = W(x) . A LA eZg =0 has no poles at branchpoints

= analytic at x = z(a)

P(z;2q, ...,2,) =
1-form of Z

IS a

B(x, y) . A Aezg()

analytic at ramlflcatlon points

n82F(S)

x=n(z),y=n(z)

J

&
-

Theorem: Vy € Hl(z’ 0)

2 c, Z(h~ 'S, y)

]/EH] (ZaC)

= solution of loop equations Virasoro-W constraints

Z(h~'S,y)

general solution of loop equations Virasoro-W constraints

Theorem: Th'S) =

yeEH|(X,Z)

Y 2n'S.y)

= modular invariant solution of loop equations




Wave-function



Sato and Hirota relation

Let D = divisoron X (degD = 0)

3rd kind cycle = open chain  ¥p  with boundary oyp =D

Z(h_lcsj,}/l)) > h2g—2+nf L

« would-be wave function » : = e&gn~ T rp i Pen
Z(h~18)

Problem: depends on Yp ratherthan D
-

Def: Wave function, Baker-Akhiezer function

Y(h~'$; D) := Z o Lot W F(SHrptn) _ Z ¢ Lot (S )
YEH((X,Z) Y, 0y=D
(defined as a trans-series in powers of 7 and powers of e )

N
Def: Hirota equation

We say that Hirota equation is satisfied iff

T 'S (RIS [p] — [po] + [ps] = [pg]) = PS5 [py] = [p,]) (RS [ps] = [p4])
—W(h'S; [p] = [py]) Y('S; [ps] — [py])

_ =




Theta functions

A=%nN Hl(z, Z) = integer lattice of cycles , transverse to Keré
(" Def: Theta function O(w) := Z o <> 3 <n.B(n)> A
neA
1A - K < ®k
and its derivatives OW(w) := Z e 0> eT<nB> . Qn €A
S neA p
(" Def: Tau function R
Th'S) =) Z(h™'S +n)
neﬁ A2 (S) ~1 ~1 1 ~1 2
_ o ZF, (@(h D)+ (< O R, 01, > +— < O(hn),g3>) +Olh )
. (defined as a trans-series in powers of 7 and powers of e ) y
4 )
Def: Wave function, Baker-Akhiezer function
Th'Ss +
W' D)y = 2 /)
I (h-18)
N\ J

Back

»



CFT



CFT

NN

4 .
Def: CFT notations
(7 (518)) = Z(h1S) = e S
Sugawara current J(z) = A, .
2g—2
(J@ 7(7'8)) = =" DN p2-lg (o)
=0
W-algebra ’
28, (x) = k th Casimir of J
Vertex operator 7 ,(z2) ofcharge @ atpoint 2
Divisor D = ay[z;]+ ... + a,[z,]
<’“7(h‘105’)°7a1(zl). | .%an(zn)> V('S + 7))
g
( Theorem: Satisfy OPE and Ward ldentities of a CFT
ledZQ led22
J(z2)J(2) ~ Je)J () V' (h7'S)) ~ 7 (h18)
VR (g = )2 SERE ) (21 — 22)? < )
( o )
2g—2 g—
— e Zgh Fo($) 2 h2gwg’2(zl,zz) + 2 h2g+2h_2wg,1(21)wh,1(zz) ~ Wy 2(Z13Z2)e Zg h2 2Fg(o9) L
| 2=0 o.h ] ,




Conclusion

- Topological recursion: Associates sequence of forms to spectral curves

Plenty of applications: enumerative geometry, Gromov-Witten,
Random matrices, maps,...

- Deformations: Cycles -> tangent vectors

Defines symplectic structures for deformations (hyperKaehler, Goldman),
Intrinsic

Avoids to have « infinite number of times »

- Using cycles: Intrinsic way of writing  Virasoro, W-algebra, loop equations
Quantum Airy structures

Hirota, Sato relations

- CFT: T.R. defines a (perturbative) CFT for any spectral curve



Examples

Example KdV

2 =C

7(z) = z° ramification point a =0 Involution 0,(2) =—2
S I §

n) =222 1-—= Z tkzzk dz

2
k=1
1
B(Zl, Zz) = > le X de
(21 — 22)

w —> Witten-Kontsevich Intersection numbers

8N

n
1 2d:+ 1! dz,
@y (215 0r2,) = (=1)" Q2—28—n Z <€2 zk(2k+1)”t’<fk+lrdl...Tdn> H l T l
d,,....d 8 =1 g

n

Witten-Kontsevich « theorem » ;: ¥ = KdV






