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The hidden structure of 
perturbation theory

Perturbation theory in a small parameter remains one of the 
most fruitful approaches to quantum theories.

Thanks to the theory of resurgence, we have learned that a 
perturbative series encodes much more information than 

originally thought. By an appropriate decoding of such a series, 
one can find e.g. additional sectors of the path integral.

This decoding involves beautiful and challenging mathematics, 
in which one passes from formal power series to analytic 

complex functions and their underlying geometry.



As I will show in this talk, the resurgent structure of 
perturbative series involves in some cases a hidden 

integrality structure which can be physically interpreted in 
terms of counting BPS states in a “dual” theory.

Two very interesting examples of such a situation are complex 
Chern-Simons theory and topological string theory.

This is based on 2007.10190 and in progress with 
Stavros Garoufalidis and Jie Gu (for knots), as well as 
work in progress with Jie Gu (for topological strings).
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The Borel triangle

The Borel method is a systematic (and traditional) way of making 
sense of factorially divergent formal power series
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The Borel transform          is analytic at the origin. Very 
often it can be analytically continued to the complex plane, 

displaying a set of singularities (poles, branch cuts)
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The expansion of the Borel transform around each singularity 
leads to new formal power series.  For so-called simple 

resurgent functions, we have only log singularities:
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These new perturbative series are typically associated to 
new sectors of the theory (e.g. expansions around different 

saddle points)
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We can repeat the same analysis for all these new functions. 
We conclude that, starting from a perturbative series, we 

generate a set of formal power series, corresponding to 
the different sectors of the path integral, and a matrix of 

Stokes constants
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Extracting all this information in a given physical theory is not 
easy, to put it mildly. 

Stokes constants are often complicated numbers. However, in 
some cases they turn out to be integers. In simple examples 
this has a geometric interpretation in terms of intersection of 

integration paths (cf. Kontsevich’s talk)
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Exact WKB and BPS states
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quantum 
periods

⌃(x, p) = H(x, p)� E = 0

In the exact WKB method, the formal power series are 
(exponentiated) quantum periods, or Voros symbols
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The Stokes constants for this problem are integers that can be 
computed with the exact WKB method [Voros, Ecalle, Delabaere-

Dillinger-Pham…] and they depend on the moduli of the curve. 

Suppose that we can regard the WKB curve      as a Seiberg-
Witten curve for a supersymmetric theory. One 

consequence of the work of Gaiotto-Moore-Neitzke (GMN) is 
that Stokes constants compute BPS multiplicities:
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Complex Chern-Simons theory

A rich source of perturbative series (and beautiful mathematics!) is 
complex CS theory on a 3-manifold M.  

When M is the complement of a hyperbolic knot K, it has been 
argued that the partition function of the theory can be reduced to 

a finite-dimensional “state integral” [Kashaev, Hikami, Dimofte et al., 
Andersen-Kashaev]
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The building block of the integrand is Faddeev’s quantum 
dilogarithm. We will focus on SL(2,C)
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 Saddle-points correspond to flat complex connections     on M.  
The expansions around these connections have the form

hyperbolic 
volume

factorially divergent series!
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Among these connections there is always the “geometric 
connection” g (corresponding to the geodesically complete 

hyperbolic metric on M), and its conjugate c, with
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These saddle points lead to “classical” singularities 
in the Borel plane.  
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<latexit sha1_base64="kg2ROuP0Mru8sNnNSwRMCuXO66E=">AAAB+HicbVDJSgNBEK2JW4xLRj16aQxCvIQZCbicAl48RjALZIahp9NJmvQs9BKIQ77EiwdFvPop3vwbO8kcNPFBweO9KqrqhSlnUjnOt1XY2Nza3inulvb2Dw7L9tFxWyZaENoiCU9EN8SSchbTlmKK024qKI5CTjvh+G7udyZUSJbEj2qaUj/Cw5gNGMHKSIFd9iZYpCMWDKuewvoisCtOzVkArRM3JxXI0QzsL6+fEB3RWBGOpey5Tqr8DAvFCKezkqclTTEZ4yHtGRrjiEo/Wxw+Q+dG6aNBIkzFCi3U3xMZjqScRqHpjLAayVVvLv7n9bQaXPsZi1OtaEyWiwaaI5WgeQqozwQlik8NwUQwcysiIywwUSarkgnBXX15nbQva269dvNQrzRu8ziKcApnUAUXrqAB99CEFhDQ8Ayv8GY9WS/Wu/WxbC1Y+cwJ/IH1+QNj+5Lo</latexit>

'g

⇣ ⌧

2⇡i

⌘
=
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⇣
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+
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2 (72
p
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+
724351⌧3

30 (72
p
�3)3

+ · · ·
⌘

<latexit sha1_base64="ln22B9OdU2Aeo90FY04AX/YzDvg="></latexit>

'c(⌧) = 'g(�⌧)

<latexit sha1_base64="G23s4n3jnBRwABU5DOS563gcpOo=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgR6sKSSEFdCEU3LivYCzQhTKaTduhkEmYmhRK6duOruHGhiFufwJ1v4zSNoK0/DPx85xzOnN+PGZXKsr6MwtLyyupacb20sbm1vWPu7rVklAhMmjhikej4SBJGOWkqqhjpxIKg0Gek7Q9vpvX2iAhJI36vxjFxQ9TnNKAYKY0889AZIREPqIcrjkLJyRX8Af3KaUY8s2xVrUxw0di5KYNcDc/8dHoRTkLCFWZIyq5txcpNkVAUMzIpOYkkMcJD1CddbTkKiXTT7JQJPNakB4NI6McVzOjviRSFUo5DX3eGSA3kfG0K/6t1ExVcuCnlcaIIx7NFQcKgiuA0F9ijgmDFxtogLKj+K8QDJBBWOr2SDsGeP3nRtM6qdq16eVcr16/zOIrgAByBCrDBOaiDW9AATYDBA3gCL+DVeDSejTfjfdZaMPKZffBHxsc39AmZzQ==</latexit>

=all-orders 
Kashaev invariant



These “classical” singularities and their Stokes constants 
(a finite number) were analyzed in e.g.  [Gukov-M.M.-Putrov, Gang-

Hatsuda, Garoufalidis-Zagier]

It turns however that, due to multivaluedness of the CS 
action and of the state integral potential, there are infinite 

towers of additional singularities [Garoufalidis, Witten, 

Gukov-M.M.-Putrov,…], corresponding to the “actions”

V (�) + iC(�)
2⇡

+ 2⇡in

<latexit sha1_base64="aFVxkztzN1zYMEzeHHl5tBA8c9Y="></latexit>

n 2 Z

<latexit sha1_base64="QwwQMbC48IxAKG/HZfAoJM9WV3k=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQd0V3bisYB/YDiWTZtrQTDIkmUIZ+iduXCji1j9x59+YaWehrQcuHM65l5ycMOFMG8/7dkpr6xubW+Xtys7u3v6Be3jU0jJVhDaJ5FJ1QqwpZ4I2DTOcdhJFcRxy2g7Hd7nfnlClmRSPZprQIMZDwSJGsLFS33UF6jE7MTajMMyeZn236tW8OdAq8QtShQKNvvvVG0iSxlQYwrHWXd9LTJBhZRjhdFbppZommIzxkHYtFTimOsjmyWfozCoDFEllRxg0V39fZDjWehqHdjNPqJe9XPzP66Ymug4yJpLUUEEWD0UpR0aivAY0YIoSw6eWYKKYzYrICCtMjC2rYkvwl7+8SloXNf+ydvNwWa3fFnWU4QRO4Rx8uII63EMDmkBgAs/wCm9O5rw4787HYrXkFDfH8AfO5w8UMJNU</latexit>



V/⇡

<latexit sha1_base64="OHpaw74I1NGfJvKN2GBmAfRnMA0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU02k4Mep4MVjBdMW2lA22027dLMJuxOhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0ylMOi6305hbX1jc6u4XdrZ3ds/KB8eNU2SacZ9lshEt0NquBSK+yhQ8naqOY1DyVvh6G7mt564NiJRjzhOeRDTgRKRYBSt5DcvuqnolStu1Z2DrBIvJxXI0eiVv7r9hGUxV8gkNabjuSkGE6pRMMmnpW5meErZiA54x1JFY26CyfzYKTmzSp9EibalkMzV3xMTGhszjkPbGVMcmmVvJv7ndTKMroOJUGmGXLHFoiiTBBMy+5z0heYM5dgSyrSwtxI2pJoytPmUbAje8surpHlZ9WrVm4dapX6bx1GEEziFc/DgCupwDw3wgYGAZ3iFN0c5L86787FoLTj5zDH8gfP5A2aPjmo=</latexit>

�V/⇡

<latexit sha1_base64="mc2k6HmqLwnk9bSfoI5a6Gsd2nw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi3VXCn6cCl48VrDbQruUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6nfuuJKs2keDDjhAYxHggWMYKNlfwz/7ybsF654lbdGdAy8XJSgRyNXvmr25ckjakwhGOtO56bmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BG/x5WXiX1S9WvX6vlap3+RxFOEIjuEUPLiEOtxBA5pA4BGe4RXeHOm8OO/Ox7y14OQzh/AHzucP0JCOoQ==</latexit>

41

<latexit sha1_base64="RMwZI5Vdb3Hi2gCRa67+GUOytiQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ63v9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wen6Y1o</latexit>

The actual picture is rather 

'g(⌧)

<latexit sha1_base64="kg2ROuP0Mru8sNnNSwRMCuXO66E=">AAAB+HicbVDJSgNBEK2JW4xLRj16aQxCvIQZCbicAl48RjALZIahp9NJmvQs9BKIQ77EiwdFvPop3vwbO8kcNPFBweO9KqrqhSlnUjnOt1XY2Nza3inulvb2Dw7L9tFxWyZaENoiCU9EN8SSchbTlmKK024qKI5CTjvh+G7udyZUSJbEj2qaUj/Cw5gNGMHKSIFd9iZYpCMWDKuewvoisCtOzVkArRM3JxXI0QzsL6+fEB3RWBGOpey5Tqr8DAvFCKezkqclTTEZ4yHtGRrjiEo/Wxw+Q+dG6aNBIkzFCi3U3xMZjqScRqHpjLAayVVvLv7n9bQaXPsZi1OtaEyWiwaaI5WgeQqozwQlik8NwUQwcysiIywwUSarkgnBXX15nbQva269dvNQrzRu8ziKcApnUAUXrqAB99CEFhDQ8Ayv8GY9WS/Wu/WxbC1Y+cwJ/IH1+QNj+5Lo</latexit>

'c(⌧)

<latexit sha1_base64="+kj5VbZFPx1ZAI+stkjdUD31DVI=">AAAB+HicbVDJSgNBEO2JW4xLRj16aQxCvIQZCbicAl48RjALZIahptNJmvQs9BKIQ77EiwdFvPop3vwbO8kcNPFBweO9KqrqhSlnUjnOt1XY2Nza3inulvb2Dw7L9tFxWyZaENoiCU9ENwRJOYtpSzHFaTcVFKKQ0044vpv7nQkVkiXxo5qm1I9gGLMBI6CMFNhlbwIiHbGAVD0F+iKwK07NWQCvEzcnFZSjGdhfXj8hOqKxIhyk7LlOqvwMhGKE01nJ05KmQMYwpD1DY4io9LPF4TN8bpQ+HiTCVKzwQv09kUEk5TQKTWcEaiRXvbn4n9fTanDtZyxOtaIxWS4aaI5Vgucp4D4TlCg+NQSIYOZWTEYggCiTVcmE4K6+vE7alzW3Xrt5qFcat3kcRXSKzlAVuegKNdA9aqIWIkijZ/SK3qwn68V6tz6WrQUrnzlBf2B9/gBd05Lk</latexit>

Similar infinite towers of singularities appear in other contexts, 
like topological string theory [Pasquetti-Schiappa, …]



We have, in principle, infinitely many Stokes constants, labeled 
by a pair of flat connections and a pair of integers

These towers correspond to tiny non-perturbative corrections
of order

q̃ = exp

✓
�2⇡i

⌧

◆

<latexit sha1_base64="EqBKvXfmFdjUYWKhbPGfh3zU9hA="></latexit>

q̃n

<latexit sha1_base64="UzQ+J4eBZgTdOXZHGdIDu9jW5Xs=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMYB6YrGF2MkmGzM6uM71CWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/95hPXRkTqDscx90M6UKIvGEUr3XdQyB4njw+qWyy5ZXcGsky8jJQgQ61b/Or0IpaEXCGT1Ji258bop1SjYJJPCp3E8JiyER3wtqWKhtz46eziCTmxSo/0I21LIZmpvydSGhozDgPbGVIcmkVvKv7ntRPsX/ipUHGCXLH5on4iCUZk+j7pCc0ZyrEllGlhbyVsSDVlaEMq2BC8xZeXSeOs7FXKl7eVUvUqiyMPR3AMp+DBOVThBmpQBwYKnuEV3hzjvDjvzse8NedkM4fwB87nD1IFkLU=</latexit>

S!!0 = S�,�0;n,n0

<latexit sha1_base64="hFRMFPQyKKRNrQdZ0c1nF2D4TQU=">AAACKHicbVDLSgMxFM3UV62vqks3wSJ1UcqMFFRELLpxWdE+oC1DJs1MQ5PMkGSEMsznuPFX3Igo0q1fYvpY2NYD4R7OuZfce7yIUaVte2RlVlbX1jeym7mt7Z3dvfz+QUOFscSkjkMWypaHFGFUkLqmmpFWJAniHiNNb3A39pvPRCoaiic9jEiXo0BQn2KkjeTmbzoc6b7yk8fUTTohJwGC01JMr+c8RQOOSnBai1dQlKAopm6+YJftCeAycWakAGaoufmPTi/EMSdCY4aUajt2pLsJkppiRtJcJ1YkQniAAtI2VCBOVDeZHJrCE6P0oB9K84SGE/XvRIK4UkPumc7J6oveWPzPa8fav+gmVESxJgJPP/JjBnUIx6nBHpUEazY0BGFJza4Q95FEWJtscyYEZ/HkZdI4KzuV8uVDpVC9ncWRBUfgGJwCB5yDKrgHNVAHGLyAN/AJvqxX6936tkbT1ow1mzkEc7B+fgHytKZ0</latexit>

One might think that the towers of singularities are somewhat 
“trivial” since they come from multivaluedness. Indeed, the 
different formal power series have a simple multiplicative 

structure

'�,n(⌧) = '�(⌧)q̃
n

<latexit sha1_base64="CL6th547NQDp8NktuYf1HQ74WZs=">AAACJXicbVDLSgMxFM34rPVVdekmWAQFKTMiqKBQdONSwarQGcudNG2DmcyY3CmUYX7Gjb/ixoVFBFf+iuljodUDgcM593BzT5hIYdB1P52p6ZnZufnCQnFxaXlltbS2fmPiVDNeY7GM9V0IhkuheA0FSn6XaA5RKPlt+HA+8G+7XBsRq2vsJTyIoK1ESzBAKzVKJ34XdNIRjcw3oh3BHlU53fER0t3TCSsfydRHIZucPt7beNmtuEPQv8QbkzIZ47JR6vvNmKURV8gkGFP33ASDDDQKJnle9FPDE2AP0OZ1SxVE3ATZ8MqcblulSVuxtk8hHao/ExlExvSi0E5GgB0z6Q3E/7x6iq2jIBMqSZErNlrUSiXFmA4qo02hOUPZswSYFvavlHVAA0NbbNGW4E2e/Jfc7Fe8g8rx1UG5ejauo0A2yRbZIR45JFVyQS5JjTDyRF7IG+k7z86r8+58jEannHFmg/yC8/UNmYqlUw==</latexit>

! = (�, n)

<latexit sha1_base64="DzNN0j3P3lByHij+TLPEUOALIF0=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBEqSEmkoC6EohuXFewDmlAm00k6dB5hZiKW0l9x40IRt/6IO//GaZuFth64cDjnXu69J0oZ1cbzvp2V1bX1jc3CVnF7Z3dv3z0otbTMFCZNLJlUnQhpwqggTUMNI51UEcQjRtrR8Hbqtx+J0lSKBzNKSchRImhMMTJW6rmlQHKSoOtKoGnC0RkUpz237FW9GeAy8XNSBjkaPfcr6EuccSIMZkjrru+lJhwjZShmZFIMMk1ShIcoIV1LBeJEh+PZ7RN4YpU+jKWyJQycqb8nxohrPeKR7eTIDPSiNxX/87qZiS/DMRVpZojA80VxxqCRcBoE7FNFsGEjSxBW1N4K8QAphI2Nq2hD8BdfXiat86pfq17d18r1mzyOAjgCx6ACfHAB6uAONEATYPAEnsEreHMmzovz7nzMW1ecfOYQ/IHz+QOYepOF</latexit>



41

<latexit sha1_base64="RMwZI5Vdb3Hi2gCRa67+GUOytiQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ63v9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wen6Y1o</latexit>

The Stokes constants depend then on a single integer n

S�,�0;n = S�,�0;0,n

<latexit sha1_base64="TaZs4zKa/NSmcKpU3d/UR/lczP0=">AAACLXicfVDLSsNAFJ3UV62vqEs3g0V0UUoiBRURirpwWdHWQhPCZDpph04mYWYilJAfcuOviOCiIm79DadpF9qKF4Y5nHMu997jx4xKZVkjo7CwuLS8Ulwtra1vbG6Z2zstGSUCkyaOWCTaPpKEUU6aiipG2rEgKPQZefAHV2P94ZEISSN+r4YxcUPU4zSgGClNeea1EyLVl0F6l3mpI2kvRBU4+Q/PIc/gBfzXYVW0yTPLVtXKC84DewrKYFoNz3x1uhFOQsIVZkjKjm3Fyk2RUBQzkpWcRJIY4QHqkY6GHIVEuml+bQYPNNOFQST04wrm7M+OFIVSDkNfO/PNZ7Ux+ZfWSVRw6qaUx4kiHE8GBQmDKoLj6GCXCoIVG2qAsKB6V4j7SCCsdMAlHYI9e/I8aB1X7Vr17LZWrl9O4yiCPbAPjoANTkAd3IAGaAIMnsALGIF349l4Mz6Mz4m1YEx7dsGvMr6+AVfLp4Y=</latexit>

and explicit computations show that they provide 
a highly non-trivial collection of 
integer invariants of the knot!

�8

<latexit sha1_base64="tWFuUs3D8fTfMvNPix83zkf/1lc=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbArAaOngBePUcwDkiXMTmaTIbOzy0yvEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00sNFtVcsuWV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzS6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMaz6E6GSFLlii0VhKgnGZPY26QvNGcqxJZRpYW8lbEg1ZWjDKdgQvOWXV0nzsuxVytf3lVLtJosjDydwCufgwRXU4A7q0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8A7/aM9w==</latexit>

�9

<latexit sha1_base64="ceujFgPB8l5mqb9djF6ZJ82LfE8=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbArAY2ngBePUcwDkiXMTmaTIbOzy0yvEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00sNFtVcsuWV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzS6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbz2J0IlKXLFFovCVBKMyext0heaM5RjSyjTwt5K2JBqytCGU7AheMsvr5LmZdmrlKv3lVLtJosjDydwCufgwRXU4A7q0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8A8XqM+A==</latexit>

18

<latexit sha1_base64="8OTESINAIJygDD9SR4RZ2z7yU+M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsHoqePFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWevBq/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+aXTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xrPmZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVR9S6r1/eXlfpNHkcRTuAUzsGDK6jDHTSgCQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gD2Coz7</latexit>

46

<latexit sha1_base64="xuK6DK3Ke4FnxcEnZB8DKq269yk=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV0Jvk4BLx6jmAckS5idzCZDZmeXmV4hLPkDLx4U8eofefNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqEccJ9yM6UCIUjKKVHqoXvVLZrbgzkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2aXTsipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+jbpC80ZyrEllGlhbyVsSDVlaMMp2hC8xZeXSfO84lUr1/fVcu0mj6MAx3ACZ+DBJdTgDurQAAYhPMMrvDkj58V5dz7mrStOPnMEf+B8/gD3kYz8</latexit>

90

<latexit sha1_base64="PcORuJGTuf/WX9LEw2hv6+PmFTI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0HoqePFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWeqi5/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+aXTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jYZCM0ZyokllGlhbyVsRDVlaMMp2RC85ZdXSeui6l1Wa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gD2Eoz7</latexit>

9

<latexit sha1_base64="PaiibQmM9w5TUOcK5uBi3VkgTvo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQOMp4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv77SdUmsfywUwS9CM6lDzkjBorNar9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCG3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpHVV9irlaqNSqt1mceThDM7hEjy4hhrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB4g1jME=</latexit>

3

<latexit sha1_base64="BQTldH/B0HZ8Vir8NlQFEXUrSNA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqwMcp4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupv5rSdUmsfywYwT9CM6kDzkjBor1S97xZJbducgq8TLSAky1HrFr24/ZmmE0jBBte54bmL8CVWGM4HTQjfVmFA2ogPsWCpphNqfzA+dkjOr9EkYK1vSkLn6e2JCI63HUWA7I2qGetmbif95ndSE1/6EyyQ1KNliUZgKYmIy+5r0uUJmxNgSyhS3txI2pIoyY7Mp2BC85ZdXSfOi7FXKN/VKqXqbxZGHEziFc/DgCqpwDzVoAAOEZ3iFN+fReXHenY9Fa87JZo7hD5zPH38djLs=</latexit>

�39

<latexit sha1_base64="X1Ub0BB+twhkPVX010BEzyAEHhQ=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHY1oPEU8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4OGzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3k795hMqzWP5aEYJ+hHtSx5yRo2VHs4vK91C0S25M5Bl4mWkCBlq3cJXpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9np07IqVV6JIyVLWnITP09MaaR1qMosJ0RNQO96E3F/7x2asJrf8xlkhqUbL4oTAUxMZn+TXpcITNiZAllittbCRtQRZmx6eRtCN7iy8ukcVHyyqXKfblYvcniyMExnMAZeHAFVbiDGtSBQR+e4RXeHOG8OO/Ox7x1xclmjuAPnM8fZBuNNQ==</latexit>

�69

<latexit sha1_base64="up01wK4OP0613chAz30L01rWaEg=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHYlqPEU8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4OGzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3k795hMqzWP5aEYJ+hHtSx5yRo2VHs4vK91C0S25M5Bl4mWkCBlq3cJXpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9np07IqVV6JIyVLWnITP09MaaR1qMosJ0RNQO96E3F/7x2asJrf8xlkhqUbL4oTAUxMZn+TXpcITNiZAllittbCRtQRZmx6eRtCN7iy8ukcVHyyqXKfblYvcniyMExnMAZeHAFVbiDGtSBQR+e4RXeHOG8OO/Ox7x1xclmjuAPnM8faKqNOA==</latexit>

�96

<latexit sha1_base64="3BLH75wfFaxQulfFFPvxjpaUH3U=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHYlqPEU8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4OGzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3k795hMqzWP5aEYJ+hHtSx5yRo2VHs4rl91C0S25M5Bl4mWkCBlq3cJXpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9np07IqVV6JIyVLWnITP09MaaR1qMosJ0RNQO96E3F/7x2asJrf8xlkhqUbL4oTAUxMZn+TXpcITNiZAllittbCRtQRZmx6eRtCN7iy8ukcVHyyqXKfblYvcniyMExnMAZeHAFVbiDGtSBQR+e4RXeHOG8OO/Ox7x1xclmjuAPnM8faK2NOA==</latexit>

�9

<latexit sha1_base64="ceujFgPB8l5mqb9djF6ZJ82LfE8=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbArAY2ngBePUcwDkiXMTmaTIbOzy0yvEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00sNFtVcsuWV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzS6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbz2J0IlKXLFFovCVBKMyext0heaM5RjSyjTwt5K2JBqytCGU7AheMsvr5LmZdmrlKv3lVLtJosjDydwCufgwRXU4A7q0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8A8XqM+A==</latexit>

96

<latexit sha1_base64="shG74RC33nufeMm/n81fPab9AzU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUOMp4MVjFPOAZAmzk95kyOzsMjMrhJA/8OJBEa/+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5aMYJ+hEdSB5yRo2VHqqXvWLJLbtzkFXiZaQEGeq94le3H7M0QmmYoFp3PDcx/oQqw5nAaaGbakwoG9EBdiyVNELtT+aXTsmZVfokjJUtachc/T0xoZHW4yiwnRE1Q73szcT/vE5qwmt/wmWSGpRssShMBTExmb1N+lwhM2JsCWWK21sJG1JFmbHhFGwI3vLLq6R5UfYq5ep9pVS7yeLIwwmcwjl4cAU1uIM6NIBBCM/wCm/OyHlx3p2PRWvOyWaO4Q+czx//Ko0B</latexit>

69

<latexit sha1_base64="VzF/C/CI9Swo4uFHZrnrOp2oMvY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUOMp4MVjFPOAZAmzk95kyOzsMjMrhJA/8OJBEa/+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5aMYJ+hEdSB5yRo2VHi6rvWLJLbtzkFXiZaQEGeq94le3H7M0QmmYoFp3PDcx/oQqw5nAaaGbakwoG9EBdiyVNELtT+aXTsmZVfokjJUtachc/T0xoZHW4yiwnRE1Q73szcT/vE5qwmt/wmWSGpRssShMBTExmb1N+lwhM2JsCWWK21sJG1JFmbHhFGwI3vLLq6R5UfYq5ep9pVS7yeLIwwmcwjl4cAU1uIM6NIBBCM/wCm/OyHlx3p2PRWvOyWaO4Q+czx//J40B</latexit>

39

<latexit sha1_base64="WYM1qsn7hEpTJ/Lt4UVo3dMY/08=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQOMp4MVjFPOAZAmzk95kyOzsMjMrhJA/8OJBEa/+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5aMYJ+hEdSB5yRo2VHi6rvWLJLbtzkFXiZaQEGeq94le3H7M0QmmYoFp3PDcx/oQqw5nAaaGbakwoG9EBdiyVNELtT+aXTsmZVfokjJUtachc/T0xoZHW4yiwnRE1Q73szcT/vE5qwmt/wmWSGpRssShMBTExmb1N+lwhM2JsCWWK21sJG1JFmbHhFGwI3vLLq6R5UfYq5ep9pVS7yeLIwwmcwjl4cAU1uIM6NIBBCM/wCm/OyHlx3p2PRWvOyWaO4Q+czx/6mIz+</latexit>

�3

<latexit sha1_base64="twYaDXQ8R8jxycSn4kzqsYHj9HQ=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbCrAR+ngBePUcwDkhBmJ73JkNnZZWZWCEv+wIsHRbz6R978GyfJHjSxoKGo6qa7y48F18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRavlUo+AS64Ybga1YIQ19gU1/dDv1m0+oNI/koxnH2A3pQPKAM2qs9HB20SuW3LI7A1kmXkZKkKHWK351+hFLQpSGCap123Nj002pMpwJnBQ6icaYshEdYNtSSUPU3XR26YScWKVPgkjZkobM1N8TKQ21Hoe+7QypGepFbyr+57UTE1x1Uy7jxKBk80VBIoiJyPRt0ucKmRFjSyhT3N5K2JAqyowNp2BD8BZfXiaN87JXKV/fV0rVmyyOPBzBMZyCB5dQhTuoQR0YBPAMr/DmjJwX5935mLfmnGzmEP7A+fwB6GKM8g==</latexit>

�8

<latexit sha1_base64="tWFuUs3D8fTfMvNPix83zkf/1lc=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbArAaOngBePUcwDkiXMTmaTIbOzy0yvEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00sNFtVcsuWV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzS6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMaz6E6GSFLlii0VhKgnGZPY26QvNGcqxJZRpYW8lbEg1ZWjDKdgQvOWXV0nzsuxVytf3lVLtJosjDydwCufgwRXU4A7q0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8A7/aM9w==</latexit>

8

<latexit sha1_base64="AIDTrPT1lNCeK4ujUuftuZ8ZyaE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKwOgp4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv77SdUmsfywUwS9CM6lDzkjBorNar9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCqj/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10roqe5XyTaNSqt1mceThDM7hEjy4hhrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB4axjMA=</latexit>

�64

<latexit sha1_base64="ZIyupTR39NF9qSazZDflxGIA1z4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArwdcp4MVjRPOAZAmzk0kyZHZ2mekVwpJP8OJBEa9+kTf/xkmyB00saCiquunuCmIpDLrut5NbWV1b38hvFra2d3b3ivsHDRMlmvE6i2SkWwE1XArF6yhQ8lasOQ0DyZvB6HbqN5+4NiJSjziOuR/SgRJ9wSha6eHsotItltyyOwNZJl5GSpCh1i1+dXoRS0KukElqTNtzY/RTqlEwySeFTmJ4TNmIDnjbUkVDbvx0duqEnFilR/qRtqWQzNTfEykNjRmHge0MKQ7NojcV//PaCfav/FSoOEGu2HxRP5EEIzL9m/SE5gzl2BLKtLC3EjakmjK06RRsCN7iy8ukcV72KuXr+0qpepPFkYcjOIZT8OASqnAHNagDgwE8wyu8OdJ5cd6dj3lrzslmDuEPnM8fYRaNMw==</latexit>

�81

<latexit sha1_base64="SKlgCVrZUKxHW1thaorF7GeSsWE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArAaOngBePEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/loxkn6Ed0IHnIGTVWerioer1iyS27c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasKqP+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSvCx7lfL1faVUu8niyMMJnMI5eHAFNbiDOjSAwQCe4RXeHOG8OO/Ox6I152Qzx/AHzucPX5SNMg==</latexit>

�62

<latexit sha1_base64="YpcP34FpsMnUi+J93jU3MMGQg+4=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHZD8HUKePEY0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777aysrq1vbOa28ts7u3v7hYPDholTzXidxTLWrYAaLoXidRQoeSvRnEaB5M1geDv1m09cGxGrRxwl3I9oX4lQMIpWeji/KHcLRbfkzkCWiZeRImSodQtfnV7M0ogrZJIa0/bcBP0x1SiY5JN8JzU8oWxI+7xtqaIRN/54duqEnFqlR8JY21JIZurviTGNjBlFge2MKA7MojcV//PaKYZX/lioJEWu2HxRmEqCMZn+TXpCc4ZyZAllWthbCRtQTRnadPI2BG/x5WXSKJe8Sun6vlKs3mRx5OAYTuAMPLiEKtxBDerAoA/P8ApvjnRenHfnY9664mQzR/AHzucPXg6NMQ==</latexit>

3

<latexit sha1_base64="BQTldH/B0HZ8Vir8NlQFEXUrSNA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqwMcp4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupv5rSdUmsfywYwT9CM6kDzkjBor1S97xZJbducgq8TLSAky1HrFr24/ZmmE0jBBte54bmL8CVWGM4HTQjfVmFA2ogPsWCpphNqfzA+dkjOr9EkYK1vSkLn6e2JCI63HUWA7I2qGetmbif95ndSE1/6EyyQ1KNliUZgKYmIy+5r0uUJmxNgSyhS3txI2pIoyY7Mp2BC85ZdXSfOi7FXKN/VKqXqbxZGHEziFc/DgCqpwDzVoAAOEZ3iFN+fReXHenY9Fa87JZo7hD5zPH38djLs=</latexit>

�3

<latexit sha1_base64="twYaDXQ8R8jxycSn4kzqsYHj9HQ=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbCrAR+ngBePUcwDkhBmJ73JkNnZZWZWCEv+wIsHRbz6R978GyfJHjSxoKGo6qa7y48F18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRavlUo+AS64Ybga1YIQ19gU1/dDv1m0+oNI/koxnH2A3pQPKAM2qs9HB20SuW3LI7A1kmXkZKkKHWK351+hFLQpSGCap123Nj002pMpwJnBQ6icaYshEdYNtSSUPU3XR26YScWKVPgkjZkobM1N8TKQ21Hoe+7QypGepFbyr+57UTE1x1Uy7jxKBk80VBIoiJyPRt0ucKmRFjSyhT3N5K2JAqyowNp2BD8BZfXiaN87JXKV/fV0rVmyyOPBzBMZyCB5dQhTuoQR0YBPAMr/DmjJwX5935mLfmnGzmEP7A+fwB6GKM8g==</latexit>

'g(⌧)

<latexit sha1_base64="kg2ROuP0Mru8sNnNSwRMCuXO66E=">AAAB+HicbVDJSgNBEK2JW4xLRj16aQxCvIQZCbicAl48RjALZIahp9NJmvQs9BKIQ77EiwdFvPop3vwbO8kcNPFBweO9KqrqhSlnUjnOt1XY2Nza3inulvb2Dw7L9tFxWyZaENoiCU9EN8SSchbTlmKK024qKI5CTjvh+G7udyZUSJbEj2qaUj/Cw5gNGMHKSIFd9iZYpCMWDKuewvoisCtOzVkArRM3JxXI0QzsL6+fEB3RWBGOpey5Tqr8DAvFCKezkqclTTEZ4yHtGRrjiEo/Wxw+Q+dG6aNBIkzFCi3U3xMZjqScRqHpjLAayVVvLv7n9bQaXPsZi1OtaEyWiwaaI5WgeQqozwQlik8NwUQwcysiIywwUSarkgnBXX15nbQva269dvNQrzRu8ziKcApnUAUXrqAB99CEFhDQ8Ayv8GY9WS/Wu/WxbC1Y+cwJ/IH1+QNj+5Lo</latexit>

'c(⌧)

<latexit sha1_base64="+kj5VbZFPx1ZAI+stkjdUD31DVI=">AAAB+HicbVDJSgNBEO2JW4xLRj16aQxCvIQZCbicAl48RjALZIahptNJmvQs9BKIQ77EiwdFvPop3vwbO8kcNPFBweO9KqrqhSlnUjnOt1XY2Nza3inulvb2Dw7L9tFxWyZaENoiCU9ENwRJOYtpSzHFaTcVFKKQ0044vpv7nQkVkiXxo5qm1I9gGLMBI6CMFNhlbwIiHbGAVD0F+iKwK07NWQCvEzcnFZSjGdhfXj8hOqKxIhyk7LlOqvwMhGKE01nJ05KmQMYwpD1DY4io9LPF4TN8bpQ+HiTCVKzwQv09kUEk5TQKTWcEaiRXvbn4n9fTanDtZyxOtaIxWS4aaI5Vgucp4D4TlCg+NQSIYOZWTEYggCiTVcmE4K6+vE7alzW3Xrt5qFcat3kcRXSKzlAVuegKNdA9aqIWIkijZ/SK3qwn68V6tz6WrQUrnzlBf2B9/gBd05Lk</latexit>



Can we find a systematic description of these integers?

DGG index!

This counts BPS states in a 3d SCFT “dual” to the hyperbolic 
knot [Dimofte-Gaiotto-Gukov]

�8

<latexit sha1_base64="tWFuUs3D8fTfMvNPix83zkf/1lc=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbArAaOngBePUcwDkiXMTmaTIbOzy0yvEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00sNFtVcsuWV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzS6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMaz6E6GSFLlii0VhKgnGZPY26QvNGcqxJZRpYW8lbEg1ZWjDKdgQvOWXV0nzsuxVytf3lVLtJosjDydwCufgwRXU4A7q0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8A7/aM9w==</latexit>

�9

<latexit sha1_base64="ceujFgPB8l5mqb9djF6ZJ82LfE8=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbArAY2ngBePUcwDkiXMTmaTIbOzy0yvEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00sNFtVcsuWV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzS6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbz2J0IlKXLFFovCVBKMyext0heaM5RjSyjTwt5K2JBqytCGU7AheMsvr5LmZdmrlKv3lVLtJosjDydwCufgwRXU4A7q0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8A8XqM+A==</latexit>

18

<latexit sha1_base64="8OTESINAIJygDD9SR4RZ2z7yU+M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsHoqePFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWevBq/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+aXTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xrPmZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVR9S6r1/eXlfpNHkcRTuAUzsGDK6jDHTSgCQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gD2Coz7</latexit>

46

<latexit sha1_base64="xuK6DK3Ke4FnxcEnZB8DKq269yk=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV0Jvk4BLx6jmAckS5idzCZDZmeXmV4hLPkDLx4U8eofefNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqEccJ9yM6UCIUjKKVHqoXvVLZrbgzkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2aXTsipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+jbpC80ZyrEllGlhbyVsSDVlaMMp2hC8xZeXSfO84lUr1/fVcu0mj6MAx3ACZ+DBJdTgDurQAAYhPMMrvDkj58V5dz7mrStOPnMEf+B8/gD3kYz8</latexit>

90

<latexit sha1_base64="PcORuJGTuf/WX9LEw2hv6+PmFTI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0HoqePFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWeqi5/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+aXTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jYZCM0ZyokllGlhbyVsRDVlaMMp2RC85ZdXSeui6l1Wa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gD2Eoz7</latexit>

9

<latexit sha1_base64="PaiibQmM9w5TUOcK5uBi3VkgTvo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQOMp4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv77SdUmsfywUwS9CM6lDzkjBorNar9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCG3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpHVV9irlaqNSqt1mceThDM7hEjy4hhrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB4g1jME=</latexit>

3

<latexit sha1_base64="BQTldH/B0HZ8Vir8NlQFEXUrSNA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqwMcp4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupv5rSdUmsfywYwT9CM6kDzkjBor1S97xZJbducgq8TLSAky1HrFr24/ZmmE0jBBte54bmL8CVWGM4HTQjfVmFA2ogPsWCpphNqfzA+dkjOr9EkYK1vSkLn6e2JCI63HUWA7I2qGetmbif95ndSE1/6EyyQ1KNliUZgKYmIy+5r0uUJmxNgSyhS3txI2pIoyY7Mp2BC85ZdXSfOi7FXKN/VKqXqbxZGHEziFc/DgCqpwDzVoAAOEZ3iFN+fReXHenY9Fa87JZo7hD5zPH38djLs=</latexit>

�39

<latexit sha1_base64="X1Ub0BB+twhkPVX010BEzyAEHhQ=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHY1oPEU8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4OGzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3k795hMqzWP5aEYJ+hHtSx5yRo2VHs4vK91C0S25M5Bl4mWkCBlq3cJXpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9np07IqVV6JIyVLWnITP09MaaR1qMosJ0RNQO96E3F/7x2asJrf8xlkhqUbL4oTAUxMZn+TXpcITNiZAllittbCRtQRZmx6eRtCN7iy8ukcVHyyqXKfblYvcniyMExnMAZeHAFVbiDGtSBQR+e4RXeHOG8OO/Ox7x1xclmjuAPnM8fZBuNNQ==</latexit>

�69

<latexit sha1_base64="up01wK4OP0613chAz30L01rWaEg=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHYlqPEU8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4OGzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3k795hMqzWP5aEYJ+hHtSx5yRo2VHs4vK91C0S25M5Bl4mWkCBlq3cJXpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9np07IqVV6JIyVLWnITP09MaaR1qMosJ0RNQO96E3F/7x2asJrf8xlkhqUbL4oTAUxMZn+TXpcITNiZAllittbCRtQRZmx6eRtCN7iy8ukcVHyyqXKfblYvcniyMExnMAZeHAFVbiDGtSBQR+e4RXeHOG8OO/Ox7x1xclmjuAPnM8faKqNOA==</latexit>

�96

<latexit sha1_base64="3BLH75wfFaxQulfFFPvxjpaUH3U=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHYlqPEU8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4OGzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3k795hMqzWP5aEYJ+hHtSx5yRo2VHs4rl91C0S25M5Bl4mWkCBlq3cJXpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9np07IqVV6JIyVLWnITP09MaaR1qMosJ0RNQO96E3F/7x2asJrf8xlkhqUbL4oTAUxMZn+TXpcITNiZAllittbCRtQRZmx6eRtCN7iy8ukcVHyyqXKfblYvcniyMExnMAZeHAFVbiDGtSBQR+e4RXeHOG8OO/Ox7x1xclmjuAPnM8faK2NOA==</latexit>

TrHm=0(�1)F qR/2+j3 = 1� 8q � 9q2 + 18q3 + 46q4 + · · ·

<latexit sha1_base64="efUJqjHp98u7OZZmRsS8Fbz3zJs="></latexit>

'g(⌧)

<latexit sha1_base64="kg2ROuP0Mru8sNnNSwRMCuXO66E=">AAAB+HicbVDJSgNBEK2JW4xLRj16aQxCvIQZCbicAl48RjALZIahp9NJmvQs9BKIQ77EiwdFvPop3vwbO8kcNPFBweO9KqrqhSlnUjnOt1XY2Nza3inulvb2Dw7L9tFxWyZaENoiCU9EN8SSchbTlmKK024qKI5CTjvh+G7udyZUSJbEj2qaUj/Cw5gNGMHKSIFd9iZYpCMWDKuewvoisCtOzVkArRM3JxXI0QzsL6+fEB3RWBGOpey5Tqr8DAvFCKezkqclTTEZ4yHtGRrjiEo/Wxw+Q+dG6aNBIkzFCi3U3xMZjqScRqHpjLAayVVvLv7n9bQaXPsZi1OtaEyWiwaaI5WgeQqozwQlik8NwUQwcysiIywwUSarkgnBXX15nbQva269dvNQrzRu8ziKcApnUAUXrqAB99CEFhDQ8Ayv8GY9WS/Wu/WxbC1Y+cwJ/IH1+QNj+5Lo</latexit>



A more precise description involves the q-series appearing in 
the “block decomposition” of the state integral [Garoufalidis-

Kashaev, Garoufalidis-Zagier] and generalizations thereof.

ym+1(q) + ym�1(q)� (2� qm)ym(q) = 0

<latexit sha1_base64="saGSZ3W/w+ue+ZMUG9mIsY5VrZ4=">AAACEnicbVDLSgMxFM34rPVVdekmWISW0jJTCupCKLpxWcE+oK1DJs20oUlmmmSEMvQb3Pgrblwo4taVO//GTNuFth4InHvOvdzc44WMKm3b39bK6tr6xmZqK729s7u3nzk4bKggkpjUccAC2fKQIowKUtdUM9IKJUHcY6TpDa8Tv/lApKKBuNPjkHQ56gvqU4y0kdxMfuzGvOBMcqM8LMCkKE6LYq5cHN3zvJF44l3abiZrl+wp4DJx5iQL5qi5ma9OL8ARJ0JjhpRqO3aouzGSmmJGJulOpEiI8BD1SdtQgThR3Xh60gSeGqUH/UCaJzScqr8nYsSVGnPPdHKkB2rRS8T/vHak/fNuTEUYaSLwbJEfMagDmOQDe1QSrNnYEIQlNX+FeIAkwtqkmDYhOIsnL5NGueRUShe3lWz1ah5HChyDE5ADDjgDVXADaqAOMHgEz+AVvFlP1ov1bn3MWles+cwR+APr8weNi5pB</latexit>

Consider the linear q-difference equation:

Then, the “Stokes q-series” 

are given by explicit bilinear expressions in fundamental 
solutions of the above equation

S±
��0(q) =

X

n�1

S�,�0;nq
±n

<latexit sha1_base64="hdoPgQEEib4SxdkzpYVVAk3v7qE="></latexit>



g�(q) =
1X

n=0

(�1)n
q

1
2n(n+1)+n�

(q)2n

<latexit sha1_base64="R1rygoi7ah4ph5EoNX9PEBmQsow="></latexit>

G�(q) =
1X

n=0

(�1)n
q

1
2n(n+1)+n�

(q)2n

0

@2�+ E1(q) + 2
nX

j=1

1 + qj

1� qj

1

A

<latexit sha1_base64="bHqd1Nn2P6Wk3gG+AEwcozE62Jg="></latexit>

g+(q) = g0(q)

<latexit sha1_base64="HJyFqN0uMQ2G66cHgk8Df8wWixA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEilASKagLoejGZQX7gDaEyXTSDp08nJkINfRL3LhQxK2f4s6/cdJmoa0HLvdwzr3MnePFnEllWd9GYWV1bX2juFna2t7ZLZt7+20ZJYLQFol4JLoelpSzkLYUU5x2Y0Fx4HHa8cY3md95pEKyKLxXk5g6AR6GzGcEKy25ZnnonlYfTq7Q0LV0L7lmxapZM6BlYuekAjmarvnVH0QkCWioCMdS9mwrVk6KhWKE02mpn0gaYzLGQ9rTNMQBlU46O3yKjrUyQH4kdIUKzdTfGykOpJwEnp4MsBrJRS8T//N6ifIvnJSFcaJoSOYP+QlHKkJZCmjABCWKTzTBRDB9KyIjLDBROqssBHvxy8ukfVaz67XLu3qlcZ3HUYRDOIIq2HAODbiFJrSAQALP8ApvxpPxYrwbH/PRgpHvHMAfGJ8/mTiRHw==</latexit>

g�(q) = g1(q) + 2g�1(q)

<latexit sha1_base64="6unZjcuLVJLtBFI5sqccTlaDt1Q=">AAACBXicbVDLSgMxFM3UV62vUZe6CBahIi0zpaAuhKIblxXsA9phyKSZNjSTGZOMUIZu3Pgrblwo4tZ/cOffmGlnoa0HQk7OuZebe7yIUaks69vILS2vrK7l1wsbm1vbO+buXkuGscCkiUMWio6HJGGUk6aiipFOJAgKPEba3ug69dsPREga8js1jogToAGnPsVIack1DwduuXR/cgkHrq3vU1jVLCnbE/0ouGbRqlhTwEViZ6QIMjRc86vXD3EcEK4wQ1J2bStSToKEopiRSaEXSxIhPEID0tWUo4BIJ5luMYHHWulDPxT6cAWn6u+OBAVSjgNPVwZIDeW8l4r/ed1Y+edOQnkUK8LxbJAfM6hCmEYC+1QQrNhYE4QF1X+FeIgEwkoHl4Zgz6+8SFrVil2rXNzWivWrLI48OABHoARscAbq4AY0QBNg8AiewSt4M56MF+Pd+JiV5oysZx/8gfH5Aw/FlR8=</latexit>

G�(q) = �G1(q)� 2G�1(q)

<latexit sha1_base64="ju48ajhOlUv8scZnHn5YpNR4Xkw=">AAACBnicbZBNS8MwGMdTX+d8q3oUITiEeehox0A9CEMP8zjBvcBWSpqlW1ia1iQVRtnJi1/FiwdFvPoZvPltTLcddPMPgV/+z/OQPH8/ZlQq2/42lpZXVtfWcxv5za3tnV1zb78po0Rg0sARi0TbR5IwyklDUcVIOxYEhT4jLX94ndVbD0RIGvE7NYqJG6I+pwHFSGnLM49qnlW8P72EVs1zNFiwDGteajljfcl7ZsEu2RPBRXBmUAAz1T3zq9uLcBISrjBDUnYcO1ZuioSimJFxvptIEiM8RH3S0chRSKSbTtYYwxPt9GAQCX24ghP390SKQilHoa87Q6QGcr6Wmf/VOokKzt2U8jhRhOPpQ0HCoIpglgnsUUGwYiMNCAuq/wrxAAmElU4uC8GZX3kRmuWSUyld3FYK1atZHDlwCI5BETjgDFTBDaiDBsDgETyDV/BmPBkvxrvxMW1dMmYzB+CPjM8f6VuU+A==</latexit>

G+(q) = G0(q)

<latexit sha1_base64="aIdN4oCkMIQtcXACqlM5SlV1O0M=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIFaHMSEFdCEUXdVnBPqAdhkyatqGZh0lGqEO/xI0LRdz6Ke78GzPtLLT1wOUezrmX3Bwv4kwqy/o2ciura+sb+c3C1vbObtHc22/JMBaENknIQ9HxsKScBbSpmOK0EwmKfY/Ttje+Sf32IxWShcG9mkTU8fEwYANGsNKSaxbr7mn54eQK1V1L94JrlqyKNQNaJnZGSpCh4ZpfvX5IYp8GinAsZde2IuUkWChGOJ0WerGkESZjPKRdTQPsU+kks8On6FgrfTQIha5AoZn6eyPBvpQT39OTPlYjueil4n9eN1aDCydhQRQrGpD5Q4OYIxWiNAXUZ4ISxSeaYCKYvhWRERaYKJ1VGoK9+OVl0jqr2NXK5V21VLvO4sjDIRxBGWw4hxrcQgOaQCCGZ3iFN+PJeDHejY/5aM7Idg7gD4zPHzW4kN8=</latexit>

Explicit formulae

We have obtained similar explicit results for the       knot. 52

<latexit sha1_base64="Z2Z+TmpbotTYPTwLUUxvGjRoscY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiHoLevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh4tepVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr6+r5ZqN1kceTiBUzgHDy6hBndQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBqvONag==</latexit>

S+(q) =

✓
g+G+ � 1 1� g�G+

1� g+G� g�G� � 1

◆

<latexit sha1_base64="ceYebADJwmxPBleU+ke7r9ZnZxw="></latexit>



1.

General conjectures

DGG index   

2. All the Stokes q-series are bilinear expressions in 
solutions to a linear difference equation, which is in turn 
determined by the “block decomposition” of the state 

integral.

“Stokes q-series” were previously calculated for SU(2) CS on 
some Seifert spaces in [Costin-Garoufalidis, Gukov-M.M.-Putrov]

S+
gg(q) =

<latexit sha1_base64="RLNitxgSgEBmBbbfgE81mn4IBaw=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQEUoiBXUhFN24rGgf0MYwmU7SoZNJnJkIIcRfceNCEbd+iDv/xuljoa0HLhzOuZd77/FiRqWyrG+jsLS8srpWXC9tbG5t75i7e20ZJQKTFo5YJLoekoRRTlqKKka6sSAo9BjpeKOrsd95JELSiN+pNCZOiAJOfYqR0pJrlrM+Rgze5vfHbhYEefXh6MI1K1bNmgAuEntGKmCGpmt+9QcRTkLCFWZIyp5txcrJkFAUM5KX+okkMcIjFJCephyFRDrZ5PgcHmplAP1I6OIKTtTfExkKpUxDT3eGSA3lvDcW//N6ifLPnIzyOFGE4+kiP2FQRXCcBBxQQbBiqSYIC6pvhXiIBMJK51XSIdjzLy+S9knNrtfOb+qVxuUsjiLYBwegCmxwChrgGjRBC2CQgmfwCt6MJ+PFeDc+pq0FYzZTBn9gfP4AlcuUGQ==</latexit>

Related results have been recently announced by Kontsevich

We conjecture that, for any hyperbolic knot:

�1

<latexit sha1_base64="JLKICEEU5TNBcRA3uwKWHE6HHO8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRSUG9FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekKleSwfzThBP6IDyUPOqLHSw7nXK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/m106IadW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZvk36XCEzYmwJZYrbWwkbUkWZseEUbQje4svLpHlR8aqV6/tquXaTx1GAYziBM/DgEmpwB3VoAIMQnuEV3pyR8+K8Ox/z1hUnnzmCP3A+fwDnwoz4</latexit>



Resurgent structures in topological 
strings

It turns out that similar structures appear in topological string 
theory on toric Calabi-Yau (CY) manifolds. 

Given a toric CY X, we consider the partition function of the 
topological string in the conifold frame 

=string coupling constant

Z(�, ⌧) = exp

0

@
X

g�0

Fg(�)⌧
2g�2

1

A

<latexit sha1_base64="q/aOmsC+hfK2P4Ng47G7mVKVC5g="></latexit>

⌧

<latexit sha1_base64="L1LFkIhsJRvXmI/S12SRanhRmCk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd7nfeeLGikg/4jTmvqIjLULBKOZSH2kyqNbcujsHWSVeQWpQoDmofvWHEUsU18gktbbnuTH6KTUomOSzSj+xPKZsQke8l1FNFbd+Or91Rs4yZUjCyGSlkczV3xMpVdZOVZB1Kopju+zl4n9eL8Hw2k+FjhPkmi0WhYkkGJH8cTIUhjOU04xQZkR2K2FjaijDLJ5KFoK3/PIqaV/Uvcv6zcNlrXFbxFGGEziFc/DgChpwD01oAYMxPMMrvDnKeXHenY9Fa8kpZo7hD5zPHyUNjlQ=</latexit>



We now define an infinite family of formal power series 
(times an exponential)

N = 1, 2, · · ·

<latexit sha1_base64="bkM4D4st/je5wrTcqRfZQi1ghp4=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBQylJKagHoejFk1SwH9DGstls2qWbbNjdKCX0f3jxoIhX/4s3/43bNgdtfTDweG+GmXlezJnStv1t5VZW19Y38puFre2d3b3i/kFLiUQS2iSCC9nxsKKcRbSpmea0E0uKQ4/Ttje6nvrtRyoVE9G9HsfUDfEgYgEjWBvp4fbSKaNqGfWIL7TqF0t2xZ4BLRMnIyXI0OgXv3q+IElII004Vqrr2LF2Uyw1I5xOCr1E0RiTER7QrqERDqly09nVE3RiFB8FQpqKNJqpvydSHCo1Dj3TGWI9VIveVPzP6yY6OHdTFsWJphGZLwoSjrRA0wiQzyQlmo8NwUQycysiQywx0SaoggnBWXx5mbSqFadWubirlepXWRx5OIJjOAUHzqAON9CAJhCQ8Ayv8GY9WS/Wu/Uxb81Z2cwh/IH1+QM4fJER</latexit>

Motivation: due to the TS/ST correspondence [Grassi-Hatsuda-M.M.], 
these series are, conjecturally, asymptotic expansions of 

(fermionic) spectral traces of trace-class operators on the real 
line   

These operators are obtained by “quantizing” the mirror 
curve to X

ZN (⌧) = Z(� = N⌧, ⌧)

<latexit sha1_base64="SBATp/1ciU/zkRYfQOf2oNxAu9M=">AAACDHicbVBNS8MwGE79nPNr6tFLcAgbyGhloB4GQy+exgT3wdYy0jTdwtK0JKkwyn6AF/+KFw+KePUHePPfmG496OYLCQ/PB8n7uBGjUpnmt7Gyura+sZnbym/v7O7tFw4O2zKMBSYtHLJQdF0kCaOctBRVjHQjQVDgMtJxxzep3nkgQtKQ36tJRJwADTn1KUZKU4NCsTdolGyF4nIN9ko200kP1WADptzZ7C5rl1kxZwOXgZWBIsimOSh82V6I44BwhRmSsm+ZkXISJBTFjEzzdixJhPAYDUlfQ44CIp1ktswUnmrGg34o9OEKztjfiQQFUk4CVzsDpEZyUUvJ/7R+rPxLJ6E8ihXheP6QHzOoQpg2Az0qCFZsogHCguq/QjxCAmGl+8vrEqzFlZdB+7xiVStXd9Vi/TqrIweOwQkoAQtcgDq4BU3QAhg8gmfwCt6MJ+PFeDc+5tYVI8scgT9jfP4APR6ZOw==</latexit>

Tr⇤N (L2(R))⇢
⌦N
X ⇠ ZN (⌧)

<latexit sha1_base64="0j3Dx0gGEL0KbVP+K31ARAVnl0w="></latexit>



What is the resurgent structure of these series?

It turns out that it is very similar in many cases to the one 
found in complex CS theory.  

A rich example which can be worked out in detail: 
local   F0

<latexit sha1_base64="5L1x7cWOmZaRgLo/wYI0lkjWDTk=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxIQd0VBXFZwT6gM5QkzbShmcyQZIQy9DfcuFDErT/jzr8x085CWw8EDufcyz05JBFcG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUUdamsYhVj2DNBJesbbgRrJcohiMiWJdMbnO/+8SU5rF8NNOEBREeSR5yio2VfD/CZkxIdjcbuINqza27c6BV4hWkBgVag+qXP4xpGjFpqMBa9z03MUGGleFUsFnFTzVLMJ3gEetbKnHEdJDNM8/QmVWGKIyVfdKgufp7I8OR1tOI2Mk8o172cvE/r5+a8CrIuExSwyRdHApTgUyM8gLQkCtGjZhagqniNiuiY6wwNbamii3BW/7yKulc1L1G/fqhUWveFHWU4QRO4Rw8uIQm3EML2kAhgWd4hTcndV6cd+djMVpyip1j+APn8wfaK5GV</latexit>

⇢�1
F0

= ex + e�x + ey + e�y

<latexit sha1_base64="3lKMQrsaXuVJkge2Ct93zYkJQJc="></latexit>

[x, y] = i~

<latexit sha1_base64="uFFa68hyZKGNohz6SkkHAxsUL6w=">AAACEXicbZDLSsNAFIYn9VbrLerSzWARupCSSEFdCEU3LivYCyShTKaTduhkEmYmYgl5BTe+ihsXirh15863cZpG0NYfBj7+cw5zzu/HjEplWV9GaWl5ZXWtvF7Z2Nza3jF39zoySgQmbRyxSPR8JAmjnLQVVYz0YkFQ6DPS9cdX03r3jghJI36rJjHxQjTkNKAYKW31zZrjhkiNZJDeZ8fwhyeZdwFh6ooQ0gy6Ix+Jvlm16lYuuAh2AVVQqNU3P91BhJOQcIUZktKxrVh5KRKKYkayiptIEiM8RkPiaOQoJNJL84syeKSdAQwioR9XMHd/T6QolHIS+rozX3m+NjX/qzmJCs68lPI4UYTj2UdBwqCK4DQeOKCCYMUmGhAWVO8K8QgJhJUOsaJDsOdPXoTOSd1u1M9vGtXmZRFHGRyAQ1ADNjgFTXANWqANMHgAT+AFvBqPxrPxZrzPWktGMbMP/sj4+AYrzp08</latexit>

(1, 0)(1, 0)(�1, 0)(�1, 0)

(0,�1)(0,�1)

(0, 1)(0, 1)

⌧ = �1

~

<latexit sha1_base64="4QU0Knu87htXS60CVVUBdTDyGnQ=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEN5ZECupCKLpxWcE+oAllMp20QyeTMDMRaij+ihsXirj1P9z5N07bLLT1wMDhnHO5d06QcKa043xbhaXlldW14nppY3Nre8fe3WuqOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxjeTPzWA5WKxeJejxLqR7gvWMgI1kbq2geexunVaeZ6sYkhbxBgOe7aZafiTIEWiZuTMuSod+0vrxeTNKJCE46V6rhOov0MS80Ip+OSlyqaYDLEfdoxVOCIKj+bXj9Gx0bpoTCW5gmNpurviQxHSo2iwCQjrAdq3puI/3mdVIcXfsZEkmoqyGxRmHKkYzSpAvWYpETzkSGYSGZuRWSAJSbaFFYyJbjzX14kzbOKW61c3lXLteu8jiIcwhGcgAvnUINbqEMDCDzCM7zCm/VkvVjv1scsWrDymX34A+vzB+zSlOk=</latexit>



This is the volume conjecture for toric CY 
manifolds:

Tr ⇢F0 ⇠ exp

✓
4G

2⇡⌧

◆⇣
1 +

⇡⌧

24
+ · · ·

⌘

<latexit sha1_base64="/jTJaBJQcykFFZun0D97fOpQSPk="></latexit>

“volume”  V of the CY at the conifold point

| {z }
'g(⌧)

<latexit sha1_base64="0njRnHYLrWMJdL3gR2QMMNFi0K8=">AAACF3icbVDLSsNAFJ3UV62vqks3g0Wom5JIQd0V3bisYB/QhDCZ3LZDJ5MwMymUUL/Cjb/ixoUibnXn3zh9LGzrgQuHc+7l3nuChDOlbfvHyq2tb2xu5bcLO7t7+wfFw6OmilNJoUFjHst2QBRwJqChmebQTiSQKODQCga3E781BKlYLB70KAEvIj3BuowSbSS/WHFTEYIMJKGQ4ccFjP3MHRKZ9JnfK7uapOdjv1iyK/YUeJU4c1JCc9T94rcbxjSNQGjKiVIdx060lxGpGeUwLripgoTQAelBx1BBIlBeNv1rjM+MEuJuLE0Jjafq34mMREqNosB0RkT31bI3Ef/zOqnuXnkZE0mqQdDZom7KsY7xJCQcMglU85EhhEpmbsW0T0xG2kRZMCE4yy+vkuZFxalWru+rpdrNPI48OkGnqIwcdIlq6A7VUQNR9IRe0Bt6t56tV+vD+py15qz5zDFagPX1C2PcofA=</latexit>

It turns out that, as in the figure eight knot, there is another 
formal power series involved in the resurgent structure for N=1

'c(⌧) = 'g(�⌧)

<latexit sha1_base64="G23s4n3jnBRwABU5DOS563gcpOo=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgR6sKSSEFdCEU3LivYCzQhTKaTduhkEmYmhRK6duOruHGhiFufwJ1v4zSNoK0/DPx85xzOnN+PGZXKsr6MwtLyyupacb20sbm1vWPu7rVklAhMmjhikej4SBJGOWkqqhjpxIKg0Gek7Q9vpvX2iAhJI36vxjFxQ9TnNKAYKY0889AZIREPqIcrjkLJyRX8Af3KaUY8s2xVrUxw0di5KYNcDc/8dHoRTkLCFWZIyq5txcpNkVAUMzIpOYkkMcJD1CddbTkKiXTT7JQJPNakB4NI6McVzOjviRSFUo5DX3eGSA3kfG0K/6t1ExVcuCnlcaIIx7NFQcKgiuA0F9ijgmDFxtogLKj+K8QDJBBWOr2SDsGeP3nRtM6qdq16eVcr16/zOIrgAByBCrDBOaiDW9AATYDBA3gCL+DVeDSejTfjfdZaMPKZffBHxsc39AmZzQ==</latexit>

Tr⇤N (L2(R))⇢
⌦N
X ⇠ exp (�N~V )

<latexit sha1_base64="gyGSjPfUpnWMpHC+yVEI/D4AhqE="></latexit>



'g(⌧)

<latexit sha1_base64="kg2ROuP0Mru8sNnNSwRMCuXO66E=">AAAB+HicbVDJSgNBEK2JW4xLRj16aQxCvIQZCbicAl48RjALZIahp9NJmvQs9BKIQ77EiwdFvPop3vwbO8kcNPFBweO9KqrqhSlnUjnOt1XY2Nza3inulvb2Dw7L9tFxWyZaENoiCU9EN8SSchbTlmKK024qKI5CTjvh+G7udyZUSJbEj2qaUj/Cw5gNGMHKSIFd9iZYpCMWDKuewvoisCtOzVkArRM3JxXI0QzsL6+fEB3RWBGOpey5Tqr8DAvFCKezkqclTTEZ4yHtGRrjiEo/Wxw+Q+dG6aNBIkzFCi3U3xMZjqScRqHpjLAayVVvLv7n9bQaXPsZi1OtaEyWiwaaI5WgeQqozwQlik8NwUQwcysiIywwUSarkgnBXX15nbQva269dvNQrzRu8ziKcApnUAUXrqAB99CEFhDQ8Ayv8GY9WS/Wu/WxbC1Y+cwJ/IH1+QNj+5Lo</latexit>

In this case, the additional towers of additional singularities 
are located at ⇡ni

<latexit sha1_base64="tEDHn7mAloMgfT3vwV/qEegSHXk=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9mVgnorevFYwX5AdynZNNuGJtltki2Upb/DiwdFvPpjvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9PWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2Ho/u5355QpVksn8w0oYHAA8kiRrCxUuAnDEmU+UogNuuVK27VXQCtEy8nFcjR6JW//H5MUkGlIRxr3fXcxAQZVoYRTmclP9U0wWSEB7RrqcSC6iBbHD1DF1bpoyhWtqRBC/X3RIaF1lMR2k6BzVCvenPxP6+bmugmyJhMUkMlWS6KUo5MjOYJoD5TlBg+tQQTxeytiAyxwsTYnEo2BG/15XXSuqp6tertY61Sv8vjKMIZnMMleHANdXiABjSBwBie4RXenInz4rw7H8vWgpPPnMIfOJ8/DACRpw==</latexit>

6

<latexit sha1_base64="PYA1EKTw6NLGSB8ovtEdWZpbUKQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexK8HUKePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9cteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhtT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwoe5XyTb1Sqt5mceThBE7hHDy4gircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB4OpjL4=</latexit>

6

<latexit sha1_base64="PYA1EKTw6NLGSB8ovtEdWZpbUKQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexK8HUKePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9cteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhtT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwoe5XyTb1Sqt5mceThBE7hHDy4gircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB4OpjL4=</latexit>

3

<latexit sha1_base64="BQTldH/B0HZ8Vir8NlQFEXUrSNA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqwMcp4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupv5rSdUmsfywYwT9CM6kDzkjBor1S97xZJbducgq8TLSAky1HrFr24/ZmmE0jBBte54bmL8CVWGM4HTQjfVmFA2ogPsWCpphNqfzA+dkjOr9EkYK1vSkLn6e2JCI63HUWA7I2qGetmbif95ndSE1/6EyyQ1KNliUZgKYmIy+5r0uUJmxNgSyhS3txI2pIoyY7Mp2BC85ZdXSfOi7FXKN/VKqXqbxZGHEziFc/DgCqpwDzVoAAOEZ3iFN+fReXHenY9Fa87JZo7hD5zPH38djLs=</latexit>

17

<latexit sha1_base64="Y6KNswCFhy3NY57PrLdSBjesTuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHoqePFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWevBq/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+aXTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jYZCM0ZyokllGlhbyVsRDVlaMMp2RC85ZdXSeui6l1Wr+8vK/WbPI4inMApnIMHNajDHTSgCQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gD0hoz6</latexit>

8

<latexit sha1_base64="AIDTrPT1lNCeK4ujUuftuZ8ZyaE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKwOgp4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv77SdUmsfywUwS9CM6lDzkjBorNar9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCqj/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10roqe5XyTaNSqt1mceThDM7hEjy4hhrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB4axjMA=</latexit>

12

<latexit sha1_base64="ZEtHa/+tmet/Jh3B9fRi8DpOsBs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKwY9TwYvHKrYW2lA22027dLMJuxOhhP4DLx4U8eo/8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etU2casZbLJax7gTUcCkUb6FAyTuJ5jQKJH8Mxjcz//GJayNi9YCThPsRHSoRCkbRSvderV+uuFV3DrJKvJxUIEezX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn80ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophpd+JlSSIldssShMJcGYzN4mA6E5QzmxhDIt7K2EjaimDG04JRuCt/zyKmnXql69enVXrzSu8ziKcAKncA4eXEADbqEJLWAQwjO8wpszdl6cd+dj0Vpw8plj+APn8wfs8oz1</latexit>

44

<latexit sha1_base64="jisuQMd0USgYxl+ph66PxXxhlBQ=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexKwMcp4MVjFPOAZAmzk95kyOzsMjMrhCV/4MWDIl79I2/+jZNkD5pY0FBUddPdFSSCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPdRq/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mlU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeOVnXCapQckWi8JUEBOT2dtkwBUyIyaWUKa4vZWwEVWUGRtOyYbgLb+8SloXVa9Wvb6vVeo3eRxFOIFTOAcPLqEOd9CAJjAI4Rle4c0ZOy/Ou/OxaC04+cwx/IHz+QP0iYz6</latexit>

�40

<latexit sha1_base64="DVtbi36nxGHkF4HDavxk0zEBi3g=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHYl4OMU8OIxonlAsoTZSW8yZHZ2mZkVwpJP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup36rSdUmsfy0YwT9CM6kDzkjBorPZxX3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2hD8BZfXibNi4pXrVzfV8u1mzyOAhzDCZyBB5dQgzuoQwMYDOAZXuHNEc6L8+58zFtXnHzmCP7A+fwBV/yNLQ==</latexit>

We still don’t know the physical or mathematical 
interpretation of these integers, which are certainly part 

of the topological string package. Relation to other approaches 
to resurgence in topological string theory? [Couso-Santamaria et al., 

Couso-Santamaria-M.M.-Schiappa]



Resurgence can be used to extract precious information from 
perturbative series. In some cases, it leads to non-trivial 

integer invariants.  This is a new route to integrality, different 
from previous ones (like radial asymptotics of q-series). 

Conclusions and open questions

Our results determine (at least conjecturally) the complete 
resurgent structure of complex Chern-Simons theory for 
hyperbolic knots, and indicate a close relationship between 
Stokes constants and BPS counting in the “dual” 3d theory. 

The same structures appear in topological string theory on 
toric CY manifolds, but it is not clear what is the enumerative 
meaning of the resulting integers. Determining the different 

sectors is also harder



Many open questions: 

1) What happens if we turn on deformations of the 
hyperbolic structure? Do we find then a clearer relation 

to the A-polynomial and the AJ conjecture? 

2) Can we obtain these results from a WKB analysis of the A-
polynomial, a la GMN? 

3) Can we reformulate the state integral invariants in terms of 
a Riemann-Hilbert problem?

4) Can we prove our conjectures or justify them physically?

5) Can we develop a similar theory for topological strings on 
toric CYs?



Thank you for your attention!


